
äÉÆÆÅÒÅÎÃÉÁÌØÎÏÅ ÉÓÞÉÓÌÅÎÉÅ

§1. ðÒÏÉÚ×ÏÄÎÁÑ ÆÕÎËÃÉÉ

1.1. ïÐÒÅÄÅÌÅÎÉÅ ÐÒÏÉÚ×ÏÄÎÏÊ

òÁÓÓÍÏÔÒÉÍ ÆÕÎËÃÉÀ y(x), ÏÐÒÅÄÅÌ¾ÎÎÕÀ ÎÁ ÎÅËÏÔÏÒÏÍ ÉÎÔÅÒ×ÁÌÅ (a; b).

òÁÚÎÏÓÔØ4x = x−x0 (x, x0 ∈ (a; b)) ÎÁÚÙ×ÁÅÔÓÑ ÐÒÉÒÁÝÅÎÉÅÍ ÁÒÇÕÍÅÎÔÁ
x × ÔÏÞËÅ x0. òÁÚÎÏÓÔØ4y(x0) = y(x0+4x)−y(x0) ÎÁÚÙ×ÁÅÔÓÑ ÐÒÉÒÁÝÅÎÉÅÍ
ÆÕÎËÃÉÉ y × ÔÏÞËÅ x0.

åÓÌÉ ÓÕÝÅÓÔ×ÕÅÔ ÐÒÅÄÅÌ (ËÏÎÅÞÎÙÊ ÉÌÉ ÂÅÓËÏÎÅÞÎÙÊ)

lim
4x→0

4y(x0)

4x
= lim

4x→0

y(x0 +4x)− y(x0)

x − x0
,

ÔÏ ÏÎ ÎÁÚÙ×ÁÅÔÓÑ ÐÒÏÉÚ×ÏÄÎÏÊ (ËÏÎÅÞÎÏÊ ÉÌÉ ÂÅÓËÏÎÅÞÎÏÊ) ÆÕÎËÃÉÉ y × ÔÏÞ-
ËÅ x0 É ÏÂÏÚÎÁÞÁÅÔÓÑ y′(x0).

äÌÑ ÐÒÏÉÚ×ÏÄÎÏÊ ÆÕÎËÃÉÉ y = f(x) ÉÓÐÏÌØÚÕÀÔÓÑ ÓÌÅÄÕÀÝÉÅ ÏÂÏÚÎÁÞÅ-
ÎÉÑ:

y′, y′(x), f ′, f ′(x), y′x, f ′
x,

dy

dx
,

dy(x)

dx
,

df

dx
,

df(x)

dx
.

úÁÍÅÞÁÎÉÅ. ðÒÉÒÁÝÅÎÉÅ 4y(x0) ÆÕÎËÃÉÉ y(x) × ÔÏÞËÅ x0 ÞÁÓÔÏ ÏÂÏÚÎÁ-
ÞÁÀÔ ÞÅÒÅÚ 4y. ïÄÎÁËÏ, ÎÅ ÓÌÅÄÕÅÔ ÚÁÂÙ×ÁÔØ, ÞÔÏ ÜÔÁ ×ÅÌÉÞÉÎÁ ÚÁ×ÉÓÉÔ ÏÔ
ÔÏÞËÉ x0 É ÏÔ ÐÒÉÒÁÝÅÎÉÑ 4x.

çÅÏÍÅÔÒÉÞÅÓËÉÊ ÓÍÙÓÌ ÐÒÏÉÚ×ÏÄÎÏÊ ÚÁËÌÀÞÁÅÔÓÑ × ÔÏÍ, ÞÔÏ ÐÒÏÉÚ×ÏÄÎÁÑ
ÆÕÎËÃÉÉ y = f(x) × ÎÅËÏÔÏÒÏÊ ÔÏÞËÅ x0 ÒÁ×ÎÁ ÕÇÌÏ×ÏÍÕ ËÏÜÆÆÉÃÉÅÎÔÕ ËÁ-
ÓÁÔÅÌØÎÏÊ Ë ÇÒÁÆÉËÕ ÆÕÎËÃÉÉ y = f(x) × ÔÏÞËÅ x0: tgα = f ′(x0), ÇÄÅ α ¡
ÕÇÏÌ ÍÅÖÄÕ ËÁÓÁÔÅÌØÎÏÊ É ÐÏÌÏÖÉÔÅÌØÎÙÍ ÎÁÐÒÁ×ÌÅÎÉÅÍ ÏÓÉ ÁÂÓÃÉÓÓ.

íÅÈÁÎÉÞÅÓËÉÊ ÓÍÙÓÌ ÐÒÏÉÚ×ÏÄÎÏÊ ¡ ÜÔÏ ÓËÏÒÏÓÔØ (v) ÉÚÍÅÎÅÎÉÑ ÐÕÔÉ
(s) ÐÏ ×ÒÅÍÅÎÉ (t): v = s′(t).

ðÒÉÍÅÒ 1. îÁÊÔÉ ÐÏ ÏÐÒÅÄÅÌÅÎÉÀ ÐÒÏÉÚ×ÏÄÎÕÀ ÆÕÎËÃÉÉ y = 1
x .

òÅÛÅÎÉÅ. úÁÆÉËÓÉÒÕÅÍ ÐÒÏÉÚ×ÏÌØÎÕÀ ÔÏÞËÕ x0 6= 0. ôÁË ËÁË y(x) = 1
x ,

1



2 §1. ðÒÏÉÚ×ÏÄÎÁÑ ÆÕÎËÃÉÉ

ÔÏ y(x0) =
1
x0
É y(x0 +4x) = 1

x0+4x
, ÐÏÜÔÏÍÕ

4 y(x0) = y(x0 +4x)− y(x0) =
1

x0 +4x
− 1

x0
=

=
x0 − (x0 +4x)

x0(x0 +4x)
=

−4 x

x0(x0 +4x)
.

ïÔÓÀÄÁ,

4y(x0)

4x
=

−4x
x0(x0+4x)

4x
= − 1

x0(x0 +4x)
.

óÌÅÄÏ×ÁÔÅÌØÎÏ,

y′(x0) = lim4x→0

4y(x0)

4x
= lim

4x→0

(

− 1

x0(x0 +4x)

)

= − lim
4x→0

1

x20 + x04 x
= − 1

x20
.

ôÁË ËÁË × ËÁÞÅÓÔ×Å x0 ÍÏÖÎÏ ×ÚÑÔØ ÌÀÂÏÅ ÞÉÓÌÏ ÎÅÒÁ×ÎÏÅ ÎÕÌÀ, ÔÏ ÄÌÑ
ÌÀÂÏÇÏ ÞÉÓÌÁ x 6= 0 ÐÏÌÕÞÁÅÍ

y′(x) =

(

1

x

)′
= − 1

x2
.

îÁÐÒÉÍÅÒ, y′(−2) = − 1
(−2)2 = −14.

ðÒÉÍÅÒ 2. îÁÊÔÉ ÐÏ ÏÐÒÅÄÅÌÅÎÉÀ ÐÒÏÉÚ×ÏÄÎÕÀ ÆÕÎËÃÉÉ y = sinx.
òÅÛÅÎÉÅ. úÁÆÉËÓÉÒÕÅÍ ÐÒÏÉÚ×ÏÌØÎÕÀ ÔÏÞËÕ x0. ôÁË ËÁË y(x) = sinx,

ÔÏ y(x0) = sinx0 É y(x0 +4x) = sin(x0 +4x), ÐÏÜÔÏÍÕ

4y(x0) = y(x0 +4x)− y(x0) = sin(x0 +4x)− sinx0.

óÌÅÄÏ×ÁÔÅÌØÎÏ,

4y(x0)

4x
=
sin(x0 +4x)− sinx0

4x
=

=
2 sin 4x

2 cos
(

x0 +
4x
2

)

4x
=
sin 4x

2
4x
2

cos

(

x0 +
4x

2

)

.

÷ÏÓÐÏÌØÚÏ×Á×ÛÉÓØ ÎÅÐÒÅÒÙ×ÎÏÓÔØÀ ÆÕÎËÃÉÉ sinx É ÐÅÒ×ÙÍ ÚÁÍÅÞÁÔÅÌØÎÙÍ
ÐÒÅÄÅÌÏÍ

lim
4x→0

sin 4x
2

4x
2

= lim
α→0
sinα

α
= 1,

ÐÏÌÕÞÁÅÍ

y′(x0) = lim4x→0

4y(x0)

4x
= 1 · cosx0 = cosx0.
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ôÁË ËÁË × ËÁÞÅÓÔ×Å x0 ÍÏÖÎÏ ×ÚÑÔØ ÌÀÂÏÅ ÞÉÓÌÏ, ÔÏ ÄÌÑ ÌÀÂÏÇÏ ÞÉÓÌÁ x
×Ù×ÏÄÉÍ

y′(x) = (sinx)′ = cosx.

îÁÐÒÉÍÅÒ, y′(π
2
) = cos π

2
= 0.

1.2. ðÒÏÉÚ×ÏÄÎÙÅ ÏÓÎÏ×ÎÙÈ ÜÌÅÍÅÎÔÁÒÎÙÈ ÆÕÎËÃÉÊ

ðÒÉ×ÅÄ¾Í ÐÒÏÉÚ×ÏÄÎÙÅ ÏÓÎÏ×ÎÙÈ ÜÌÅÍÅÎÔÁÒÎÙÈ ÆÕÎËÃÉÊ.
(c)′ = 0 (c ¡ ÞÉÓÌÏ);
(xα)′ = αxα−1;
(ex)′ = ex;
(ax)′ = ax ln a (a > 0, a 6= 1);
(lnx)′ = 1

x ;

(loga x)′x = 1
x ln a (a > 0, a 6= 1, x > 0);

(sinx)′ = cosx;
(cosx)′ = − sinx;
(tg x)′ = 1

cos2 x
, x 6= π

2
+ πn, n ∈ Z;

(ctg x)′ = − 1
sin2 x
, x 6= πn, n ∈ Z;

(arcsinx)′ = 1√
1−x2
, |x| < 1;

(arccosx)′ = − 1√
1−x2
, |x| < 1;

(arctgx)′ = 1
1+x2 ;

(arcctgx)′ = − 1
1+x2
;

(shx)′ = chx, ÇÄÅ shx = ex−e−x

2 ;

(chx)′ = shx, ÇÄÅ chx = ex+e−x

2 ;

(thx)′ = 1
ch2 x
, ÇÄÅ thx = shx

chx
;

(cthx)′ = − 1
sh2 x
, x 6= 0, ÇÄÅ thx = shx

chx
.

ðÒÉÍÅÒ 3. îÁÊÔÉ ÐÒÏÉÚ×ÏÄÎÙÅ ÓÌÅÄÕÀÝÉÈ ×ÙÒÁÖÅÎÉÊ: 5, ln tg 37 , 6
x,

log3 x.

òÅÛÅÎÉÅ. ðÒÏÉÚ×ÏÄÎÁÑ ÞÉÓÌÁ ÒÁ×ÎÁ ÎÕÌÀ, ÐÏÜÔÏÍÕ 5′ = 0,
(

ln tg 37
)′
= 0,

ÔÁË ËÁË 5 É ln tg 37 ¡ ÞÉÓÌÁ.

äÌÑ ÎÁÈÏÖÄÅÎÉÑ ÐÒÏÉÚ×ÏÄÎÙÈ ÆÕÎËÃÉÊ 6x É log3 x ×ÏÓÐÏÌØÚÕÅÍÓÑ ÔÁÂÌÉÞ-
ÎÙÍÉ ÆÏÒÍÕÌÁÍÉ ÄÌÑ ÐÒÏÉÚ×ÏÄÎÙÈ ÐÏËÁÚÁÔÅÌØÎÏÊ (ÐÒÉ a = 6) É ÌÏÇÁÒÉÆ-
ÍÉÞÅÓËÏÊ (ÐÒÉ a = 3) ÆÕÎËÃÉÊ, ÉÍÅÅÍ: (6x)′ = 6x ln 6, (log3 x)

′ = 1
x ln 3.

ðÒÉÍÅÒ 4. ÷ÙÞÉÓÌÉÔØ ÐÒÏÉÚ×ÏÄÎÙÅ ÓÌÅÄÕÀÝÉÈ ÆÕÎËÃÉÊ: x17, xπ−e, 1x ,√
x,

3
√

x2, 1
5√

x7
.
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òÅÛÅÎÉÅ. ëÁÖÄÁÑ ÉÚ ÄÁÎÎÙÈ ÆÕÎËÃÉÊ Ñ×ÌÑÅÔÓÑ ÓÔÅÐÅÎÎÏÊ ÆÕÎËÃÉÅÊ,
ÐÏÜÔÏÍÕ ×ÓÅ ÐÒÏÉÚ×ÏÄÎÙÅ ÎÁÈÏÄÑÔÓÑ ÐÏ ÆÏÒÍÕÌÅ (xα)′ = αxα−1. éÍÅÅÍ:

(

x17
)′
= 17x17−1 = 17x16;

(

xπ−e
)′
= (π − e)xπ−e−1;

(

1

x

)′
=

(

x−1)′ = −1 · x−1−1 = −x−2 = − 1
x2
;

(√
x
)′
=

(

x
1
2

)′
=
1

2
x
1
2−1 =

1

2
x− 12 =

1

2
· 1
x
1
2

=
1

2
√

x
;

(

3
√

x2
)′
=

(

x
2
3

)′
=
2

3
x
2
3−1 =

2

3
x− 13 =

2

3
· 1
x
1
3

=
2

3 3
√

x
;

(

1
5
√

x7

)′
=

(

1

x
7
5

)′
=

(

x− 75
)′
= −7
5
x− 75−1 = −7

5
x− 125 = −7

5
· 1
x
12
5

= − 7

5
5
√

x12
.

1.3. ðÒÏÉÚ×ÏÄÎÁÑ ÓÕÍÍÙ, ÒÁÚÎÏÓÔÉ, ÐÒÏÉÚ×ÅÄÅÎÉÑ É ÞÁÓÔÎÏÇÏ

ðÒÏÉÚ×ÏÄÎÙÅ ÓÕÍÍÙ, ÒÁÚÎÏÓÔÉ, ÐÒÏÉÚ×ÅÄÅÎÉÑ É ÞÁÓÔÎÏÇÏ Ä×ÕÈ ÆÕÎËÃÉÊ
u = u(x) É v = v(x) ÎÁÈÏÄÑÔÓÑ ÐÏ ÓÌÅÄÕÀÝÉÍ ÆÏÒÍÕÌÁÍ:

(u+ v)′ = u′ + v′, (u − v)′ = u′ − v′,

(uv)′ = u′v + uv′, (cu)′ = cu′, c ¡ ÞÉÓÌÏ,
(u

v

)′
=

u′v − uv′

v2
, v 6= 0.

ðÒÉÍÅÒ 5. îÁÊÔÉ ÐÒÏÉÚ×ÏÄÎÕÀ ÆÕÎËÃÉÉ 1
x3 − 5 lnx.

òÅÛÅÎÉÅ.

(

1

x3
− 5 lnx

)′
=

(

1

x3

)′
− (5 lnx)′ =

(

x−3)′ − 5 (lnx)′ =

= −3x−4 − 51
x
= − 3

x4
− 5

x
= −3 + 5x

3

x4
.

ðÒÉÍÅÒ 6. îÁÊÔÉ ÐÒÏÉÚ×ÏÄÎÕÀ ÆÕÎËÃÉÉ 2 chx
3
+ cth x

4
.

òÅÛÅÎÉÅ.

(

2 chx

3
+
cthx

4

)′
=

(

2 chx

3

)′
+

(

cthx

4

)′
=
2

3
(chx)′ +

1

4
(cthx)′ =

=
2

3
shx+

1

4
·
(

− 1

sh2 x

)

=
2 shx

3
− 1

4 sh2 x
.

ðÒÉÍÅÒ 7. f(x) = 5x3 − 3x2 − 2x+ 7, ÎÁÊÔÉ f ′(0), f ′(2), f ′(−1).
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òÅÛÅÎÉÅ. óÎÁÞÁÌÁ ÎÁÊÄ¾Í ÐÒÏÉÚ×ÏÄÎÕÀ ÆÕÎËÃÉÉ f(x):

f ′(x) = (5x3 − 3x2 − 2x+ 7)′ = (5x3)′ − (3x2)′ − (2x)′ + 7′ =
= 5(x3)′ − 3(x2)′ − 2x′ + 0 = 5 · 3x2 − 3 · 2x − 2 · 1 = 15x2 − 6x − 2.

éÔÁË, f ′(x) = 15x2 − 6x − 2. ôÅÐÅÒØ ÎÁÈÏÄÉÍ ÚÎÁÞÅÎÉÑ ÐÒÏÉÚ×ÏÄÎÙÈ ÐÒÉ
ËÏÎËÒÅÔÎÙÈ ÚÎÁÞÅÎÉÑÈ x:

f ′(0) = 15 · 02 − 6 · 0− 2 = 0− 0− 2 = −2,
f ′(2) = 15 · 22 − 6 · 2− 2 = 60− 12− 2 = 46,

f ′(−1) = 15 · (−1)2 − 6 · (−1)− 2 = 15 + 6− 2 = 19.
ðÒÉÍÅÒ 8. îÁÊÔÉ ÐÒÏÉÚ×ÏÄÎÕÀ ÆÕÎËÃÉÉ f(x) = (x2 + x) cosx.
òÅÛÅÎÉÅ.

f ′(x) =
(

(x2 + x) cosx
)′
= (x2 + x)′ cosx+ (x2 + x)(cosx)′ =

= (2x+ 1) cosx+ (x2 + x)(− sinx).

ðÒÉÍÅÒ 9. îÁÊÔÉ ÐÒÏÉÚ×ÏÄÎÕÀ ÆÕÎËÃÉÉ f(x) = x3+2x2+5x+1
x2+2x .

òÅÛÅÎÉÅ.

f ′(x) =

(

x3 + 2x2 + 5x+ 1

x2 + 2x

)′
=

=
(x3 + 2x2 + 5x+ 1)′(x2 + 2x)− (x3 + 2x2 + 5x+ 1)(x2 + 2x)′

(x2 + 2x)2
=

=
(3x2 + 4x+ 5)(x2 + 2x)− (x3 + 2x2 + 5x+ 1)(2x+ 2x ln 2)

(x2 + 2x)2
.

ðÒÉÍÅÒ 10. îÁÊÔÉ ÐÒÏÉÚ×ÏÄÎÕÀ ÆÕÎËÃÉÉ f(x) = arccosx lnx shx.
òÅÛÅÎÉÅ.

f ′(x) = (arccosx lnx shx)′ = ((arccosx lnx) shx)′ =

= (arccosx lnx)′ shx+ (arccosx lnx)(shx)′ =

= ((arccosx)′ lnx+ arccosx(lnx)′) shx+ (arccosx lnx) shx =

=

(

− 1√
1− x2

lnx+ arccosx
1

x

)

sh x+ arccosx lnx chx =

= − 1√
1− x2

lnx shx+ arccosx
1

x
shx+ arccosx lnx chx =

=
arccosx shx

x
− lnx shx√
1− x2

+ arccosx lnx chx.
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ðÒÉÍÅÒ 11. îÁÊÔÉ ÐÒÏÉÚ×ÏÄÎÕÀ ÆÕÎËÃÉÉ f(x) = x13 arcctgx
lg x .

òÅÛÅÎÉÅ. æÕÎËÃÉÑ lgx ¡ ÜÔÏ ÄÅÓÑÔÉÞÎÙÊ ÌÏÇÁÒÉÆÍ, ÔÏ ÅÓÔØ lg x =
= log10 x. ðÒÉÍÅÎÉÍ ÆÏÒÍÕÌÙ ÐÒÏÉÚ×ÏÄÎÙÈ ÞÁÓÔÎÏÇÏ É ÐÒÏÉÚ×ÅÄÅÎÉÑ:

(

x13 arcctgx

lgx

)′
=

(

x13 arcctgx
)′ · lg x −

(

x13 arcctgx
)

· (lg x)′

(lgx)2
=

=

(

(

x13
)′
arcctgx+ x13 (arcctgx)′

)

· lg x −
(

x13 arcctgx
)

· 1
x ln 10

lg2 x
=

=

(

13x12 arcctgx+ x13
(

− 1
1+x2

))

· lg x − x13 arcctgx 1
x ln 10

lg2 x
=

=
13x12 arcctgx lgx − x13 lg x

1+x2 − x12 arcctgx
ln 10

lg2 x
.

1.4. ðÒÏÉÚ×ÏÄÎÁÑ ÓÌÏÖÎÏÊ ÆÕÎËÃÉÉ

ðÕÓÔØ ÆÕÎËÃÉÑ u = ϕ(x) ÉÍÅÅÔ ÐÒÏÉÚ×ÏÄÎÕÀ × ÎÅËÏÔÏÒÏÊ ÔÏÞËÅ x = x0,
Á ÆÕÎËÃÉÑ y = f(u) ÉÍÅÅÔ ÐÒÏÉÚ×ÏÄÎÕÀ × ÔÏÞËÅ u0 = ϕ(x0). ôÏÇÄÁ, ÓÌÏÖÎÁÑ
ÆÕÎËÃÉÑ f(ϕ(x)) ÉÍÅÅÔ ÐÒÏÉÚ×ÏÄÎÕÀ × ÔÏÞËÅ x = x0, ËÏÔÏÒÁÑ ×ÙÞÉÓÌÑÅÔÓÑ
ÐÏ ÆÏÒÍÕÌÅ

[f(ϕ(x0))]
′ = f ′(u0) · ϕ′(x0).

äÌÑ ËÒÁÔËÏÓÔÉ ÉÓÐÏÌØÚÕÅÔÓÑ ÓÌÅÄÕÀÝÁÑ ÚÁÐÉÓØ ÐÏÓÌÅÄÎÅÊ ÆÏÒÍÕÌÙ:

y′x = y′u · u′
x.

ðÒÉÍÅÒ 12. îÁÊÔÉ ÐÒÏÉÚ×ÏÄÎÕÀ ÆÕÎËÃÉÉ ln sinx.
òÅÛÅÎÉÅ. ïÂÏÚÎÁÞÉÍ y = lnu, u = sinx, ÔÏÇÄÁ y = ln sinx. ðÏ ÔÅÏÒÅÍÅ

Ï ÐÒÏÉÚ×ÏÄÎÏÊ ÓÌÏÖÎÏÊ ÆÕÎËÃÉÉ y′
x = y′u · u′

x. îÁÈÏÄÉÍ:

y′u = (lnu)′u =
1

u
, u′

x = (sinx)′x = cosx,

ÏÔËÕÄÁ

(ln sinx)′ = y′x = y′u · u′
x =
1

u
· cosx = 1

sinx
· cosx = ctg x.

ðÒÉÍÅÒ 13. îÁÊÔÉ ÐÒÏÉÚ×ÏÄÎÕÀ ÆÕÎËÃÉÉ y(x) = ex2.
òÅÛÅÎÉÅ. ïÂÏÚÎÁÞÉÍ u = x2, ÔÏÇÄÁ y(u) = eu. ðÏ ÔÅÏÒÅÍÅ Ï ÐÒÏÉÚ×ÏÄÎÏÊ

ÓÌÏÖÎÏÊ ÆÕÎËÃÉÉ y′
x = y′u · u′

x. îÁÈÏÄÉÍ:

y′u = (e
u)′u = eu, u′

x =
(

x2
)′
x
= 2x,
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ÏÔËÕÄÁ

y′x =
(

ex2
)′
= y′u · u′

x = eu · 2x = ex2 · 2x = 2xex2.

þÁÓÔÏ ÂÏÌÅÅ ÕÄÏÂÎÏ ÎÅÐÏÓÒÅÄÓÔ×ÅÎÎÏ ÎÁÈÏÄÉÔØ ÐÒÏÉÚ×ÏÄÎÙÅ ÐÒÏÍÅÖÕÔÏÞ-
ÎÙÈ ÆÕÎËÃÉÊ.

ðÒÉÍÅÒ 14. îÁÊÔÉ ÐÒÏÉÚ×ÏÄÎÕÀ ÆÕÎËÃÉÉ ln sinx (ÓÍ. ÐÒÉÍÅÒ 12).

òÅÛÅÎÉÅ.

(ln sinx)′ =
1

sinx
(sinx)′ =

1

sinx
cosx = ctg x.

ðÒÉÍÅÒ 15. îÁÊÔÉ ÐÒÏÉÚ×ÏÄÎÕÀ ÆÕÎËÃÉÉ y(x) = ex2 (ÓÍ. ÐÒÉÍÅÒ 13).

òÅÛÅÎÉÅ.

y′(x) =
(

ex2
)′
= ex2 · (x2)′ = ex2 · 2x = 2xex2.

ðÒÉÍÅÒ 16. îÁÊÔÉ ÐÒÏÉÚ×ÏÄÎÕÀ ÆÕÎËÃÉÉ e−x.

òÅÛÅÎÉÅ.
(

e−x
)′
= e−x · (−x)′ = e−x · (−1) = −e−x.

ðÒÉÍÅÒ 17. îÁÊÔÉ ÐÒÏÉÚ×ÏÄÎÕÀ ÆÕÎËÃÉÉ (tg
√

x)3.

òÅÛÅÎÉÅ.

(

(tg
√

x)3
)′
= 3(tg

√
x)2(tg

√
x)′ = 3(tg

√
x)2

1

cos2
√

x
(
√

x)′ =

= 3(tg
√

x)2
1

cos2
√

x

1

2
√

x
=

3 tg2
√

x

2
√

x cos2
√

x
.

ðÒÉÍÅÒ 18. îÁÊÔÉ ÐÒÏÉÚ×ÏÄÎÕÀ ÆÕÎËÃÉÉ cos log6 5x − log6 cos 5.
òÅÛÅÎÉÅ.

(cos log6 5x − log6 cos 5)′ = (cos log6 5x)′ − (log6 cos 5)′ = (cos log6 5x)′ =

= − sin log6 5x · (log6 5x)′ = − sin log6 5x · 1

(5x) ln 6
· (5x)′ =

= − sin log6 5x · 1

5x ln 6
· 5 = −sin log6 5x

x ln 6
.

úÁÍÅÞÁÎÉÅ. ÷ÙÒÁÖÅÎÉÅ log6 cos 5 ÉÚ ÐÒÉÍÅÒÁ 18 Ñ×ÌÑÅÔÓÑ ÞÉÓÌÏÍ, ÐÏ-
ÜÔÏÍÕ (log6 cos 5)

′ = 0.
ðÒÉÍÅÒ 19. îÁÊÔÉ ÐÒÏÉÚ×ÏÄÎÕÀ ÆÕÎËÃÉÉ arctg2 e−x.
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òÅÛÅÎÉÅ.

(

arctg2 e−x
)′
=

(

(

arctg e−x
)2

)′
= 2arctg e−x ·

(

arctg e−x
)′
=

= 2arctg e−x · 1

1 + (e−x)2
·
(

e−x
)′
= 2arctg e−x · 1

1 + e−2x
· e−x · (−x)′ =

= 2arctg e−x · 1

1 + e−2x
· e−x · (−1) = −2e

−x arctg e−x

1 + e−2x
.

ðÒÉÍÅÒ 20. îÁÊÔÉ ÐÒÏÉÚ×ÏÄÎÕÀ ÆÕÎËÃÉÉ 2 ln3 4
√
tg 5x.

òÅÛÅÎÉÅ.

(

2 ln3 4
√

tg 5x
)′
= 2

(

ln3 4
√

tg 5x
)′
= 2

(

(

ln 4
√

tg 5x
)3

)′
=

= 2 ·
(

3
(

ln 4
√

tg 5x
)2

)

·
(

ln 4
√

tg 5x
)′
= 6 ln2 4

√

tg 5x ·
(

ln 4
√

tg 5x
)′
=

= 6 ln2 4
√

tg 5x · 1
4
√
tg 5x

·
(

4
√

tg 5x
)′
=
6 ln2 4

√
tg 5x

4
√
tg 5x

·
(

(tg 5x)
1
4

)′
=

=
6 ln2 4

√
tg 5x

4
√
tg 5x

· 1
4
· (tg 5x)−

3
4 · (tg 5x)′ = 6 ln2 4

√
tg 5x

4(tg 5x)
1
4 (tg 5x)

3
4

· 1

cos2 5x
· (5x)′ =

=
3 ln2 4

√
tg 5x

4 tg 5x cos2 5x
· 5 = 15 ln

2 4
√
tg 5x

4 sin 5x cos 5x
=
15 ln2 4

√
tg 5x

2 sin 10x
.

úÁÍÅÞÁÎÉÅ. ÷ ÎÅËÏÔÏÒÙÈ ÓÌÕÞÁÑÈ ÕÄÏÂÎÅÅ ÕÐÒÏÓÔÉÔØ ÆÕÎËÃÉÀ ÄÏ ×ÚÑ-
ÔÉÑ ÐÒÏÉÚ×ÏÄÎÏÊ. åÓÌÉ × ÐÒÉÍÅÒÅ 20 ÓÎÁÞÁÌÁ ÐÒÅÏÂÒÁÚÏ×ÁÔØ ÆÕÎËÃÉÀ ÓÌÅ-
ÄÕÀÝÉÍ ÏÂÒÁÚÏÍ, ÔÏ ×ÙÞÉÓÌÅÎÉÑ ÂÕÄÕÔ ÐÒÏÝÅ:

2 ln3 4
√

tg 5x = 2
(

ln 4
√

tg 5x
)3

= 2
(

ln (tg 5x)
1
4

)3

=

= 2

(

1

4
ln tg 5x

)3

=
1

32
(ln tg 5x)3 .

ðÒÉÍÅÒ 21. ÷ÙÞÉÓÌÉÔØ ÐÒÏÉÚ×ÏÄÎÕÀ ÆÕÎËÃÉÉ y(x) = sin 14x
2 cos 7x .

òÅÛÅÎÉÅ. óÎÁÞÁÌÁ ÐÒÅÏÂÒÁÚÕÅÍ ÆÕÎËÃÉÀ y(x):

y(x) =
sin 14x

2 cos 7x
=
2 sin 7x cos 7x

2 cos 7x
= sin 7x.

ôÅÐÅÒØ ÎÁÈÏÄÉÍ ÐÒÏÉÚ×ÏÄÎÕÀ ÆÕÎËÃÉÉ y(x):

y′(x) = (sin 7x)′ = cos 7x · (7x)′ = 7 cos 7x.
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1.5. ðÒÏÉÚ×ÏÄÎÁÑ ÓÔÅÐÅÎÎÏ-ÐÏËÁÚÁÔÅÌØÎÏÊ ÆÕÎËÃÉÉ

äÌÑ ×ÙÞÉÓÌÅÎÉÑ ÐÒÏÉÚ×ÏÄÎÏÊ ÆÕÎËÃÉÉ ×ÉÄÁ u(x)v(x) ÐÒÅÄ×ÁÒÉÔÅÌØÎÏ ÎÁÄÏ
ÐÒÅÄÓÔÁ×ÉÔØ ÄÁÎÎÕÀ ÆÕÎËÃÉÀ × ×ÉÄÅ

u(x)v(x) = eln u(x)v(x) = ev(x) ln u(x).

ðÒÉÍÅÒ 22. îÁÊÔÉ ÐÒÏÉÚ×ÏÄÎÕÀ ÆÕÎËÃÉÉ y(x) = xx.
òÅÛÅÎÉÅ.

y′(x) = (xx)′ =
(

eln xx)′
=

(

ex ln x
)′
= ex ln x(x lnx)′ =

= xx(x lnx)′ = xx [(x′ lnx+ x(lnx)′] = xx

(

1 · lnx+ x · 1
x

)

= xx(lnx+ 1).

úÁÍÅÞÁÎÉÅ. æÕÎËÃÉÑ xx ÉÚ ÐÒÉÍÅÒÁ 22 ÎÅ Ñ×ÌÑÅÔÓÑ ÎÉ ÆÕÎËÃÉÅÊ ×ÉÄÁ
xα, ÎÉ ÆÕÎËÃÉÅÊ ×ÉÄÁ ax, ÐÏÜÔÏÍÕ ÂÕÄÅÔ ÏÛÉÂËÏÊ ×ÙÞÉÓÌÑÔØ ÐÒÏÉÚ×ÏÄÎÕÀ
ÄÁÎÎÏÊ ÆÕÎËÃÉÉ ÏÄÎÉÍ ÉÚ ÓÌÅÄÕÀÝÉÈ ÓÐÏÓÏÂÏ×:

(xx)′ = x · xx−1, (xx)′ = xx lnx.

ðÒÉÍÅÒ 23. îÁÊÔÉ ÐÒÏÉÚ×ÏÄÎÕÀ ÆÕÎËÃÉÉ y(x) = (sinx)lnx.
òÅÛÅÎÉÅ.

y′(x) =
(

(sinx)lnx
)′
=

(

eln(sinx)lnx
)′
=

(

elnx ln sinx
)′
=

= eln x ln sinx(lnx ln sinx)′ = (sinx)lnx [(lnx)′ ln sinx+ lnx(ln sinx)′] =

= (sinx)lnx

[

1

x
ln sinx+ lnx

1

sinx
(sinx)′

]

=

= (sinx)lnx

(

ln sinx

x
+
lnx cosx

sinx

)

.

úÁÄÁÞÉ ÄÌÑ ÓÁÍÏÓÔÏÑÔÅÌØÎÏÇÏ ÒÅÛÅÎÉÑ

îÁÊÔÉ ÐÏ ÏÐÒÅÄÅÌÅÎÉÀ ÐÒÏÉÚ×ÏÄÎÕÀ ÆÕÎËÃÉÉ:
1. y = x2;
2. y = x3;
3. y = x4;
4. y =

√
x;

5. y = 1
x2 ;

6. y = 1
x3 ;

7. y = 1√
x
;

8. y = sin 2x;
9. y = cos x

2 ;
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10. y = tg x;
11. y = 1

2x+2;

12. y =
√
1 + 3x;

13. y =
√
1 + x2.

îÁÊÔÉ ÐÒÏÉÚ×ÏÄÎÕÀ ÆÕÎËÃÉÉ:
14. y = x4 + 3x2 − 2x+ 1;
15. y = 7x7 + 3x2 − 4x − 1;
16. y = 3

√
x+ 1x − 3

x2 + 4;

17. y =
4
√

x3 + 5
x2

− 3
x3
+ 2;

18. y = 4x5 − 3 sinx+ 5 ctgx;
19. y = 3

√
x+ 4 cosx − 2 tgx+ 3;

20. y = 3 + 4x2 =
5
√

x3 + 1
x2 + sinx+ cosx+ lnx;

21. y =
8
√

x3 − 4x6 + 5 lnx − 7 cosx+ tgx+ ctgx;
22. y = log2 x+ 3 log3 x;
23. y = 4ex + arctgx+ arcsinx;
24. y = ex − tg x

2 +
x4

4 ;

25. y = 5x + 6x +
(

1
7

)x
;

26. y = arcsinx+ 3 3
√

x+ 5arccosx;
27. y = 8

4
√

x
− 6

3
√

x
;

28. y = tg x − ctgx;
29. y = arctgx − arcctgx;
30. y = x sinx;
31. y = x2 tgx;
32. y = 7

√
x lnx;

33. y = x arccosx;
34. y = 3

√
x arcctgx;

35. y = x2 log3 x;

36. y = x2−1
x2+1;

37. y = lnx
sinx + x ctgx;

38. y = cosx
1+2 sinx ;

39. y =
√

x√
x+1
;

40. y = ctg x√
x
;

41. y = x tg x
1+x2
;

42. y = 1+ex

1−ex ;

43. f(x) = x2

3 − x2 + x, ÎÁÊÔÉ f ′(0), f ′(1), f ′(−1);
44. f(x) = x2 − 1

2x2
, ÎÁÊÔÉ f ′(2), f ′(−2);

45. f(x) = x
2x−1, ÎÁÊÔÉ f ′(0), f ′(2), f ′(−2);
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46. f(x) = 1−10x
1+10x , ÎÁÊÔÉ f ′(0);

47. f(x) = lnx
x
, ÎÁÊÔÉ f ′(e), f ′(1

e
), f ′(e2);

48. f(x) = x lnx, ÎÁÊÔÉ f ′(1), f ′(e), f ′(1
e
), f ′( 1

e2
);

49. y = sin 3x;
50. y = sin(x2 + 5x+ 2);
51. y =

√
1− x2;

52. y =
√
1 + 5 cosx;

53. y =
√
2x − sin 2x;

54. y = sin2 x;
55. y = sin3 x;
56. y = cos100 x;
57. y = ln(x+ 1 +

√
x2 + 2x+ 3);

58. y = tg(x2 + 3);
59. y = ln cosx;
60. y = ln tg 5x;
61. y = ln(1 + cosx);
62. y = etg x;
63. y = ln(x2 − 3x+ 7);
64. y = ln(x2 + 2x);
65. y = ln(x+

√
x2 + 5);

66. y = 1√
3
arctg x√

3
;

67. y = 1
2
arcsin x2√

3
;

68. y = 1
6 ln

x−3
x+3 ;

69. y = ln x2

1−x2 ;

70. y = ln
√

1+2x
1−2x;

71. y = 1
2

(

x
√
1− x2 + arcsinx

)

;

72. y = x arctgx − 1
2 ln(1 + x2);

73. y = 1
2e

x(sinx+ cosx);

74. y = x arctg
√
2x − 1−

√
2x−1
2 ;

75. y = tg3 x − 3 tgx+ 3x;
76. y = sin2 x3;
77. y = ctg3 x

3 ;

78. y = 1
(1+cos 4x)5 ;

79. y = sin4 x+ cos4 x;
80. y = 1+sin 2x

1−sin 2x ;
81. y = cosx

sin2 x
+ ln tg x

2 ;

82. y = 23x + x5 + e−x2 + 1x ;



12 §1. ðÒÏÉÚ×ÏÄÎÁÑ ÆÕÎËÃÉÉ

83. y =
√

xe
√

x;
84. y = x2e−x;
85. y = (x+ 2)e−x2;
86. y = e

x
3 cos x

3 ;

87. y = e
1
cosx ;

88. y = e
1
lnx ;

89. y = 103−sin
3 2x;

90. y = sin 2x;
91. y = ex+e−x

ex−e−x ;

92. y = ln
(

e2x +
√

e4x + 1
)

;

93. y = ln
√

e4x

e4x+1;

94. y = ln sinx
ln cosx ;

95. y = log5 cos 7x;
96. y = log7 cos

√
1 + x;

97. y = e
7√

x2;
98. y = ln

(√
x −

√
x − 1

)

;

99. y = ln 1+
√
1+x2

x ;

100. y = ln
(

sinx+
√

1 + sin2 x
)

;

101. y = ln 1
x+

√
x2−1;

102. y = arccos(1− 2x);
103. y = arcsin

√
1− 4x;

104. y = arcsin
√
sinx;

105. y = arcsin e4x;
106. y = arcsin

√
x;

107. y = arctg
√
6x − 1;

108. y = arctg e2x + ln
√

1+e2x

e2x−1;

109. y = arctg 1x +
√

x2−1
x ;

110. y = ln arccos 2x;
111. y = arctg ln(5x+ 3);
112. y = arctg x+3

x−3 ;

113. y = arctg2 1x ;

114. y = arccos e−
x2

2 ;
115. y = tg sin cosx;
116. y = ex2 ctg 3x;
117. y = ln sin tg e−

x
2 ;

118. y = ln5 sinx;
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119. y = ln arctg
√
1 + x2;

120. y = 5

√

ln sin x+3
4 ;

121. y = e
√
1+lnx;

122. y = 5
√

arctg e5x;

123. y =
√
1− arccos2 x;

124. y = arctg
(

x −
√
1 + x2

)

;

125. y = 2√
3
arctg 2x+1√

3
;

126. y =
√
3
(

arctg x√
3
+ ln x−

√
3

x+
√
3

)

;

127. y = 2 ln(x2 + 5)−
√
5 arctg x√

5
;

128. y = x arctgx − 1
2 ln(1 + x2);

129. y = 2
3

√

(1 + lnx)3;

130. y = ln
(

x sinx ·
√
1− x2

)

;

131. y = x
1
x ;

132. y = xsinx;

133. y = (tgx)sinx;

134. y = (cosx)sinx.

§2. äÉÆÆÅÒÅÎÃÉÁÌ ÆÕÎËÃÉÉ

2.1. ðÏÎÑÔÉÅ ÄÉÆÆÅÒÅÎÃÉÁÌÁ

æÕÎËÃÉÑ y = f(x) ÎÁÚÙ×ÁÅÔÓÑ ÄÉÆÆÅÒÅÎÃÉÒÕÅÍÏÊ × ÔÏÞËÅ x0, ÅÓÌÉ Å¾
ÐÒÉÒÁÝÅÎÉÅ 4y × ÜÔÏÊ ÔÏÞËÅ ÍÏÖÎÏ ÐÒÅÄÓÔÁ×ÉÔØ × ×ÉÄÅ

4y = A 4 x+ α(4x)4 x,

ÇÄÅ A¡ ÎÅËÏÔÏÒÏÅ ÞÉÓÌÏ, ÎÅÚÁ×ÉÓÑÝÅÅ ÏÔ4x, Á α(4x) ¡ ÆÕÎËÃÉÑ ÁÒÇÕÍÅÎ-
ÔÁ 4x, Ñ×ÌÑÀÝÁÑÓÑ ÂÅÓËÏÎÅÞÎÏ ÍÁÌÏÊ ÐÒÉ 4x → 0, ÔÏ ÅÓÔØ lim

4x→0
α(4x) = 0.

óÕÝÅÓÔ×ÕÀÔ ÚÁ×ÉÓÉÍÏÓÔÉ ÍÅÖÄÕ ÐÏÎÑÔÉÑÍÉ ÄÉÆÆÅÒÅÎÃÉÒÕÅÍÏÓÔÉ ÆÕÎË-
ÃÉÉ × ÔÏÞËÅ, ÓÕÝÅÓÔ×Ï×ÁÎÉÅÍ ÐÒÏÉÚ×ÏÄÎÏÊ É ÎÅÐÒÅÒÙ×ÎÏÓÔØÀ ÆÕÎËÃÉÉ × ÔÏÊ
ÖÅ ÔÏÞËÅ.
äÌÑ ÔÏÇÏ ÞÔÏÂÙ ÆÕÎËÃÉÑ y = f(x) ÂÙÌÁ ÄÉÆÆÅÒÅÎÃÉÒÕÅÍÁ × ÔÏÞËÅ x0,

ÎÅÏÂÈÏÄÉÍÏ É ÄÏÓÔÁÔÏÞÎÏ, ÞÔÏÂÙ ÏÎÁ ÉÍÅÌÁ × ÜÔÏÊ ÔÏÞËÅ ËÏÎÅÞÎÕÀ ÐÒÏÉÚ-
×ÏÄÎÕÀ.
åÓÌÉ ÆÕÎËÃÉÑ y = f(x) ÄÉÆÆÅÒÅÎÃÉÒÕÅÍÁ × ÄÁÎÎÏÊ ÔÏÞËÅ x0, ÔÏ ÏÎÁ É

ÎÅÐÒÅÒÙ×ÎÁ × ÜÔÏÊ ÔÏÞËÅ.
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úÁÍÅÞÁÎÉÅ. ïÂÒÁÔÎÏÅ ÕÔ×ÅÒÖÄÅÎÉÅ ÎÅ×ÅÒÎÏ. æÕÎËÃÉÑ ÍÏÖÅÔ ÂÙÔØ ÎÅ-
ÐÒÅÒÙ×ÎÏÊ × ÔÏÞËÅ, ÎÏ ÎÅ ÂÙÔØ ÄÉÆÆÅÒÅÎÃÉÒÕÅÍÏÊ, ÔÏ ÅÓÔØ ÎÅ ÉÍÅÔØ ÐÒÏ-
ÉÚ×ÏÄÎÏÊ × ÜÔÏÊ ÔÏÞËÅ. ðÒÉÍÅÒÏÍ ÔÁËÏÊ ÆÕÎËÃÉÉ Ñ×ÌÑÅÔÓÑ ÆÕÎËÃÉÑ y = |x|,
ËÏÔÏÒÁÑ ÎÅÐÒÅÒÙ×ÎÁ × ÔÏÞËÅ x = 0, ÎÏ ÎÅ ÉÍÅÅÔ × ÜÔÏÊ ÔÏÞËÅ ÐÒÏÉÚ×ÏÄÎÏÊ,
ÔÏ ÅÓÔØ ÎÅ Ñ×ÌÑÅÔÓÑ ÄÉÆÆÅÒÅÎÃÉÒÕÅÍÏÊ.

åÓÌÉ ÆÕÎËÃÉÑ y = f(x) ÉÍÅÅÔ ÐÒÏÉÚ×ÏÄÎÕÀ × ËÁÖÄÏÊ ÔÏÞËÅ ÎÅËÏÔÏÒÏ-
ÇÏ ÐÒÏÍÅÖÕÔËÁ (ÄÉÆÆÅÒÅÎÃÉÒÕÅÍÁ × ËÁÖÄÏÊ ÔÏÞËÅ ÜÔÏÇÏ ÐÒÏÍÅÖÕÔËÁ), ÔÏ
ÂÕÄÅÍ ÇÏ×ÏÒÉÔØ, ÞÔÏ ÆÕÎËÃÉÑ y = f(x) ÄÉÆÆÅÒÅÎÃÉÒÕÅÍÁ ÎÁ ÕËÁÚÁÎÎÏÍ ÐÒÏ-
ÍÅÖÕÔËÅ.
äÉÆÆÅÒÅÎÃÉÁÌÏÍ dx ÎÅÚÁ×ÉÓÉÍÏÊ ÐÅÒÅÍÅÎÎÏÊ x ÎÁÚÏ×¾Í ÐÒÉÒÁÝÅÎÉÅ 4x

ÜÔÏÊ ÐÅÒÅÍÅÎÎÏÊ: dx = 4x.
ðÕÓÔØ ÆÕÎËÃÉÑ y = f(x) ÄÉÆÆÅÒÅÎÃÉÒÕÅÍÁ × ÔÏÞËÅ x0, ÔÏ ÅÓÔØ Å¾ ÐÒÉÒÁ-

ÝÅÎÉÅ 4y × ÜÔÏÊ ÔÏÞËÅ ÍÏÖÎÏ ÚÁÐÉÓÁÔØ × ×ÉÄÅ ÓÕÍÍÙ Ä×ÕÈ ÓÌÁÇÁÅÍÙÈ:

4y = A 4 x+ α(4x)4 x,

ÇÄÅ A ¡ ÞÉÓÌÏ É lim
4x→0

α(4x) = 0. ÷ÙÒÁÖÅÎÉÅ A 4 x ÎÁÚÙ×ÁÅÔÓÑ ÄÉÆÆÅÒÅÎ-

ÃÉÁÌÏÍ ÆÕÎËÃÉÑ y = f(x) × ÔÏÞËÅ x0 É ÏÂÏÚÎÁÞÁÅÔÓÑ dy:

dy = A 4 x.

õÞÉÔÙ×ÁÑ ÚÁ×ÉÓÉÍÏÓÔØ ÍÅÖÄÕ ÐÏÎÑÔÉÑÍÉ ÄÉÆÆÅÒÅÎÃÉÒÕÅÍÏÓÔÉ É ÓÕÝÅÓÔ×Ï-
×ÁÎÉÑ ÐÒÏÉÚ×ÏÄÎÏÊ ÆÕÎËÃÉÉ × ÔÏÞËÅ, ÐÏÌÕÞÁÅÍ, ÞÔÏ A = f ′(x0). ôÁËÉÍ ÏÂÒÁ-
ÚÏÍ, ÄÉÆÆÅÒÅÎÃÉÁÌ dy ÆÕÎËÃÉÉ y = f(x) × ÔÏÞËÅ x0 ÚÁÐÉÓÙ×ÁÅÔÓÑ × ×ÉÄÅ

dy = d(f(x0)) = f ′(x0)dx.

úÁÍÅÔÉÍ, ÞÔÏ Ó ÐÏÍÏÝØÀ ÐÏÓÌÅÄÎÅÊ ÆÏÒÍÕÌÙ ÐÒÏÉÚ×ÏÄÎÕÀ f ′(x0) ÍÏÖÎÏ
×ÙÞÉÓÌÉÔØ ËÁË ÏÔÎÏÛÅÎÉÅ ÄÉÆÆÅÒÅÎÃÉÁÌÁ ÆÕÎËÃÉÉ dy Ë ÄÉÆÆÅÒÅÎÃÉÁÌÕ
ÎÅÚÁ×ÉÓÉÍÏÊ ÐÅÒÅÍÅÎÎÏÊ, ÔÏ ÅÓÔØ

f ′(x0) =
dy

dx
.
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äÉÆÆÅÒÅÎÃÉÁÌ ÆÕÎËÃÉÉ × ÔÏÞËÅ x0 ÉÍÅÅÔ ÇÅÏÍÅÔÒÉÞÅÓËÉÊ ÓÍÙÓÌ. ðÕÓÔØ
ÔÏÞËÁ M ÎÁ ÇÒÁÆÉËÅ ÆÕÎËÃÉÉ y = f(x) ÓÏÏÔ×ÅÔÓÔ×ÕÅÔ ÚÎÁÞÅÎÉÀ ÁÒÇÕÍÅÎÔÁ
x0, ÔÏÞËÁ P ¡ ÚÎÁÞÅÎÉÀ ÁÒÇÕÍÅÎÔÁ x0 + 4x, ÐÒÑÍÁÑ MS ¡ ËÁÓÁÔÅÌØÎÁÑ
Ë ÇÒÁÆÉËÕ y = f(x) × ÔÏÞËÅ M , α ¡ ÕÇÏÌ ÍÅÖÄÕ ËÁÓÁÔÅÌØÎÏÊ É ÏÓØÀ Ox.
ðÕÓÔØ, MN ‖ Ox, PN ‖ Oy, Q ¡ ÔÏÞËÁ ÐÅÒÅÓÅÞÅÎÉÑ ËÁÓÁÔÅÌØÎÏÊ MS Ó
ÐÒÑÍÏÊ PN . ôÏÇÄÁ ÐÒÉÒÁÝÅÎÉÅ ÆÕÎËÃÉÉ 4y ÒÁ×ÎÏ ×ÅÌÉÞÉÎÅ ÏÔÒÅÚËÁ NP .
÷ ÔÏ ÖÅ ×ÒÅÍÑ ÉÚ ÐÒÑÍÏÕÇÏÌØÎÏÇÏ ÔÒÅÕÇÏÌØÎÉËÁ MNQ ÐÏÌÕÞÁÅÍ: NQ =
= 4x tgα = f ′(x0) 4 x = dy, ÔÏ ÅÓÔØ ÄÉÆÆÅÒÅÎÃÉÁÌ ÆÕÎËÃÉÉ dy ÒÁ×ÅÎ
×ÅÌÉÞÉÎÅ ÏÔÒÅÚËÁ NQ. íÙ ÐÏÌÕÞÉÌÉ, ÞÔÏ ×ÅÌÉÞÉÎÙ ÏÔÒÅÚËÏ× NP É NQ
ÒÁÚÌÉÞÎÙ.
ôÁËÉÍ ÏÂÒÁÚÏÍ, ÄÉÆÆÅÒÅÎÃÉÁÌ dy ÆÕÎËÃÉÉ y = f(x) × ÔÏÞËÅ x0 ÒÁ×ÅÎ

ÐÒÉÒÁÝÅÎÉÀ ¤ÏÒÄÉÎÁÔÙ ËÁÓÁÔÅÌØÎÏÊ¥MS Ë ÇÒÁÆÉËÕ ÜÔÏÊ ÆÕÎËÃÉÉ × ÔÏÞËÅ
M(x0; f(x0)), Á ÐÒÉÒÁÝÅÎÉÅ ÆÕÎËÃÉÉ4y ÅÓÔØ ÐÒÉÒÁÝÅÎÉÅ ¤ÏÒÄÉÎÁÔÙ ÓÁÍÏÊ
ÆÕÎËÃÉÉ¥ y = f(x) × ÔÏÞËÅ x0, ÓÏÏÔ×ÅÔÓÔ×ÕÀÝÅÅ ÐÒÉÒÁÝÅÎÉÀ ÁÒÇÕÍÅÎÔÁ,
ÒÁ×ÎÏÍÕ 4x.

2.2. ÷ÙÞÉÓÌÅÎÉÅ ÄÉÆÆÅÒÅÎÃÉÁÌÁ

ðÒÁ×ÉÌÁ ÄÉÆÆÅÒÅÎÃÉÒÏ×ÁÎÉÑ ÆÕÎËÃÉÊ ÁÎÁÌÏÇÉÞÎÙ ÐÒÁ×ÉÌÁÍ ÎÁÈÏÖÄÅ-
ÎÉÑ ÐÒÏÉÚ×ÏÄÎÙÈ. äÌÑ ÆÕÎËÃÉÊ u, v É f ÓÐÒÁ×ÅÄÌÉ×Ù Ó×ÏÊÓÔ×Á:

d(u+ v) = du+ dv; d(u − v) = du − dv;

d(uv) = udv + vdu; d
(u

v

)

=
vdu − udv

v2
, v 6= 0;

d(f(x)) = f ′(x)dx, × ÞÁÓÔÎÏÓÔÉ, ÅÓÌÉ c ¡ ÞÉÓÌÏ, ÔÏ

d(cx) = c dx, d(x+ c) = dx.

ðÒÉÍÅÒ 1. îÁÊÔÉ ÄÉÆÆÅÒÅÎÃÉÁÌ ÆÕÎËÃÉÉ y(x) = x2.
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òÅÛÅÎÉÅ. äÉÆÆÅÒÅÎÃÉÁÌ dy ÆÕÎËÃÉÉ y(x) ÎÁÈÏÄÉÔÓÑ ÐÏ ÆÏÒÍÕÌÅ dy =
= y′(x)dx, ÐÏÜÔÏÍÕ

dy = dx2 = (x2)′dx = 2xdx.

ðÒÉÍÅÒ 2. îÁÊÔÉ ÄÉÆÆÅÒÅÎÃÉÁÌ ÆÕÎËÃÉÉ y(x) = 5 cos 3x × ÔÏÞËÅ x0 =
π
2 .

òÅÛÅÎÉÅ. ðÏ ÐÒÁ×ÉÌÕ ÎÁÈÏÖÄÅÎÉÑ ÄÉÆÆÅÒÅÎÃÉÁÌÁ ÆÕÎËÃÉÉ × ÔÏÞËÅ,
ÉÍÅÅÍ

dy = y′
(π

2

)

dx.

îÁÈÏÄÉÍ,

y′(x) = (5 cos 3x)′ = −15 sin 3x ⇒ y′
(π

2

)

= −15 sin 3π
2
= 15.

óÌÅÄÏ×ÁÔÅÌØÎÏ, ÄÉÆÆÅÒÅÎÃÉÁÌ dy × ÔÏÞËÅ x0 =
π
2 ÒÁ×ÅÎ 15 dx:

dy = 15 dx.

ðÒÉÍÅÒ 3. îÁÊÔÉ ÄÉÆÆÅÒÅÎÃÉÁÌ ÆÕÎËÃÉÉ y = sin2 x3.
òÅÛÅÎÉÅ.

dy = y′dx =
(

sin2 x3
)′
= 2 sinx3(sinx3)′dx =

= 2 sinx3 cosx3(x3)′dx = 2 sinx3 cosx3 · 3x2dx = 3x2 sin 2x3dx.

ðÒÉÍÅÒ 4. îÁÊÔÉ ÄÉÆÆÅÒÅÎÃÉÁÌ ÆÕÎËÃÉÉ xex2.
òÅÛÅÎÉÅ.

1-Ê ÓÐÏÓÏÂ. ÷ÏÓÐÏÌØÚÕÅÍÓÑ ÆÏÒÍÕÌÏÊ df(x) = f ′(x)dx.

d
(

xex2
)

=
(

xex2
)′

dx =

(

x′ex2 + x
(

ex2
)′

)

dx =

=
(

ex2 + x · ex22x
)

dx = ex2
(

2x2 + 1
)

dx.

2-Ê ÓÐÏÓÏÂ. ðÒÉÍÅÎÉÍ ÆÏÒÍÕÌÕ d(uv) = udv + vdu, ÉÍÅÅÍ

d
(

xex2
)

= ex2dx+ xd
(

ex2
)

.

ðÏ ÆÏÒÍÕÌÅ df(u) = f ′(u)du ÐÏÌÕÞÁÅÍ

d
(

ex2
)

= ex2d
(

x2
)

= ex22xdx.

ôÁËÉÍ ÏÂÒÁÚÏÍ,

d
(

xex2
)

= ex2dx+ x(2xex2dx) = ex2
(

2x2 + 1
)

dx.
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2.3. éÎ×ÁÒÉÁÎÔÎÏÓÔØ ÆÏÒÍÙ ÐÅÒ×ÏÇÏ ÄÉÆÆÅÒÅÎÃÉÁÌÁ

çÌÁ×ÎÙÍ Ó×ÏÊÓÔ×ÏÍ ÄÉÆÆÅÒÅÎÃÉÁÌÁ Ñ×ÌÑÅÔÓÑ ÉÎ×ÁÒÉÁÎÔÎÏÓÔØ (ÎÅÉÚÍÅÎ-
ÎÏÓÔØ) ÅÇÏ ÆÏÒÍÙ ÏÔÎÏÓÉÔÅÌØÎÏ ÚÁÍÅÎÙ ÐÅÒÅÍÅÎÎÙÈ. åÓÌÉ y = y(x), x =
= x(t), ÔÏ

dy = y′t dt = y′x dx.

üÔÏ Ó×ÏÊÓÔ×Ï ÎÁÚÙ×ÁÅÔÓÑ Ó×ÏÊÓÔ×ÏÍ ÉÎ×ÁÒÉÁÎÔÎÏÓÔÉ ÆÏÒÍÙ ÐÅÒ×ÏÇÏ ÄÉÆ-
ÆÅÒÅÎÃÉÁÌÁ ÏÔÎÏÓÉÔÅÌØÎÏ ÚÁÍÅÎÙ ÁÒÇÕÍÅÎÔÁ.

úÁÄÁÞÉ ÄÌÑ ÓÁÍÏÓÔÏÑÔÅÌØÎÏÇÏ ÒÅÛÅÎÉÑ

îÁÊÔÉ ÄÉÆÆÅÒÅÎÃÉÁÌ ÆÕÎËÃÉÉ:
135. y = x5;
136. y = tgx;
137. y = sin3 2x;
138. y = lnx;
139. y = ln (sin

√
x);

140. y = e−
1
cos x ;

141. y = 2−x2.
îÁÊÔÉ ÄÉÆÆÅÒÅÎÃÉÁÌ ÆÕÎËÃÉÉ × ÔÏÞËÅ x0:
142. y = x−4, x0 = −1;
143. y = x3 − 3x2 + 3x, x0 = 0;
144. y =

√
1 + x2, x0 = −3;

145. y = 1
x − 1

x2 , x0 = 2;
146. y = ln cosx, x0 =

π
4
;

147. y = e−2x, x0 = −12;
148. y =

√
x+ 1, x0 = 4;

149. y = arctg
√
4x − 1, x0 = 3.

§3. ðÒÏÉÚ×ÏÄÎÙÅ É ÄÉÆÆÅÒÅÎÃÉÁÌÙ ×ÙÓÛÉÈ ÐÏÒÑÄËÏ×
3.1. ðÏÎÑÔÉÅ ÐÒÏÉÚ×ÏÄÎÏÊ n-ÇÏ ÐÏÒÑÄËÁ

ðÒÏÉÚ×ÏÄÎÁÑ f ′(x) ÆÕÎËÃÉÉ y = f(x) ÓÁÍÁ Ñ×ÌÑÅÔÓÑ ÆÕÎËÃÉÅÊ ÁÒÇÕÍÅÎ-
ÔÁ x. óÌÅÄÏ×ÁÔÅÌØÎÏ, ÐÏ ÏÔÎÏÛÅÎÉÀ Ë ÎÅÊ ÓÎÏ×Á ÍÏÖÎÏ ÓÔÁ×ÉÔØ ×ÏÐÒÏÓ Ï
ÓÕÝÅÓÔ×Ï×ÁÎÉÉ É ÎÁÈÏÖÄÅÎÉÉ ÐÒÏÉÚ×ÏÄÎÏÊ.
îÁÚÏ×¾Í f ′(x) ÐÒÏÉÚ×ÏÄÎÏÊ ÐÅÒ×ÏÇÏ ÐÏÒÑÄËÁ ÆÕÎËÃÉÉ f(x).
ðÒÏÉÚ×ÏÄÎÁÑ ÏÔ ÐÒÏÉÚ×ÏÄÎÏÊ ÎÅËÏÔÏÒÏÊ ÆÕÎËÃÉÉ ÎÁÚÙ×ÁÅÔÓÑ ÐÒÏÉÚ×ÏÄÎÏÊ

×ÔÏÒÏÇÏ ÐÏÒÑÄËÁ (ÉÌÉ ×ÔÏÒÏÊ ÐÒÏÉÚ×ÏÄÎÏÊ) ÜÔÏÊ ÆÕÎËÃÉÉ. ðÒÏÉÚ×ÏÄÎÁÑ ÏÔ
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×ÔÏÒÏÊ ÐÒÏÉÚ×ÏÄÎÏÊ ÎÁÚÙ×ÁÅÔÓÑ ÐÒÏÉÚ×ÏÄÎÏÊ ÔÒÅÔØÅÇÏ ÐÏÒÑÄËÁ (ÉÌÉ ÔÒÅÔØÅÊ
ÐÒÏÉÚ×ÏÄÎÏÊ) É ÔÁË ÄÁÌÅÅ. ðÒÏÉÚ×ÏÄÎÙÅ, ÎÁÞÉÎÁÑ ÓÏ ×ÔÏÒÏÊ, ÎÁÚÙ×ÁÀÔÓÑ
ÐÒÏÉÚ×ÏÄÎÙÍÉ ×ÙÓÛÉÈ ÐÏÒÑÄËÏ× É ÏÂÏÚÎÁÞÁÀÔÓÑ

y′′, y′′′, y(4), y(5), . . . , y(n), . . .

(×ÍÅÓÔÏ y′′ É y′′′ ÉÎÏÇÄÁ ÐÉÛÕÔ y(2) É y(3)) ÉÌÉ

f ′′(x), f ′′′(x), f (4)(x), f (5)(x), . . . , f (n)(x), . . .

ðÒÏÉÚ×ÏÄÎÁÑ n-ÇÏ ÐÏÒÑÄËÁ ÆÕÎËÃÉÉ Ñ×ÌÑÅÔÓÑ ÐÒÏÉÚ×ÏÄÎÏÊ ÏÔ ÐÒÏÉÚ×ÏÄÎÏÊ
(n − 1)-ÇÏ ÐÏÒÑÄËÁ, ÔÏ ÅÓÔØ

y(n) =
(

y(n−1)
)′

.

ðÒÏÉÚ×ÏÄÎÙÅ ×ÙÓÛÉÈ ÐÏÒÑÄËÏ× ÉÍÅÀÔ ÛÉÒÏËÏÅ ÐÒÉÍÅÎÅÎÉÅ × ÆÉÚÉËÅ. åÓ-
ÌÉ ÆÕÎËÃÉÑ y = f(x) ÏÐÉÓÙ×ÁÅÔ ÚÁËÏÎ Ä×ÉÖÅÎÉÑ ÍÁÔÅÒÉÁÌØÎÏÊ ÔÏÞËÉ ÐÏ
ÐÒÑÍÏÊ ÌÉÎÉÉ, ÔÏ ÐÅÒ×ÁÑ ÐÒÏÉÚ×ÏÄÎÁÑ f ′(x) ÅÓÔØ ÍÇÎÏ×ÅÎÎÁÑ ÓËÏÒÏÓÔØ ÔÏÞ-
ËÉ × ÍÏÍÅÎÔ ×ÒÅÍÅÎÉ x, Á ×ÔÏÒÁÑ ÐÒÏÉÚ×ÏÄÎÁÑ ÒÁ×ÎÁ ÓËÏÒÏÓÔÉ ÉÚÍÅÎÅÎÉÑ
ÓËÏÒÏÓÔÉ, ÔÏ ÅÓÔØ ÕÓËÏÒÅÎÉÀ Ä×ÉÖÕÝÅÊÓÑ ÔÏÞËÉ × ÜÔÏÔ ÍÏÍÅÎÔ.
ðÒÉÍÅÒ 1. îÁÊÔÉ ÐÒÏÉÚ×ÏÄÎÕÀ ×ÔÏÒÏÇÏ ÐÏÒÑÄËÁ ÆÕÎËÃÉÉ y = sin2 x.
òÅÛÅÎÉÅ. óÎÁÞÁÌÁ ÎÁÊÄ¾Í ÐÒÏÉÚ×ÏÄÎÕÀ ÐÅÒ×ÏÇÏ ÐÏÒÑÄËÁ.

y′ =
(

sin2 x
)′
= 2 sinx cosx = sin 2x.

ôÅÐÅÒØ ÎÁÈÏÄÉÍ ×ÔÏÒÕÀ ÐÒÏÉÚ×ÏÄÎÕÀ.

y′′ = (y′)′ = (sin 2x)′ = 2 cos 2x.

ðÒÉÍÅÒ 2. îÁÊÔÉ ÐÒÏÉÚ×ÏÄÎÕÀ ÔÒÅÔØÅÇÏ ÐÏÒÑÄËÁ ÆÕÎËÃÉÉ y = x sinx.
òÅÛÅÎÉÅ. ðÏÓÌÅÄÏ×ÁÔÅÌØÎÏ ÎÁÈÏÄÉÍ ÐÅÒ×ÕÀ, ×ÔÏÒÕÀ É ÔÒÅÔØÀ ÐÒÏÉÚ-

×ÏÄÎÙÅ ÄÁÎÎÏÊ ÆÕÎËÃÉÉ:

y′ = (x sinx)′ = sinx+ x cosx;

y′′ = (y′)′ = (sinx+ x cosx)′ = cosx+ cosx − x sinx = 2 cosx − x sinx;

y′′′ = (y′′)′ = (2 cosx − x sinx)′ = −2 sinx − (sinx+ x cosx) =

= −3 sinx − x cosx.

3.2. æÏÒÍÕÌÙ ÄÌÑ n-È ÐÒÏÉÚ×ÏÄÎÙÈ ÎÅËÏÔÏÒÙÈ ÆÕÎËÃÉÊ

ðÒÉÍÅÒ 3. îÁÊÔÉ y(n)(x), ÅÓÌÉ y(x) = xα, x > 0, α ¡ ÌÀÂÏÅ ÄÅÊÓÔ×É-
ÔÅÌØÎÏÅ ÞÉÓÌÏ.
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òÅÛÅÎÉÅ. ðÏÓÌÅÄÏ×ÁÔÅÌØÎÏ ÄÉÆÆÅÒÅÎÃÉÒÕÑ, ÉÍÅÅÍ:

y′ = αxα−1, y(2) = (y′)′ =
(

αxα−1)′ = α(α − 1)xα−2,

y(3) = (y(2))′ =
(

α(α − 1)xα−2)′ = α(α − 1)(α − 2)xα−3, . . .

. . . , y(n) = α(α − 1)(α − 2) . . . (α − (n − 1))xα−n.

÷×ÅÄ¾Í ÐÏÎÑÔÉÑ ÆÁËÔÏÒÉÁÌÁ É Ä×ÏÊÎÏÇÏ ÆÁËÔÏÒÉÁÌÁ ÞÉÓÌÁ.
æÁËÔÏÒÉÁÌ ÎÁÔÕÒÁÌØÎÏÇÏ ÞÉÓÌÁ n ÏÐÒÅÄÅÌÑÅÔÓÑ ÆÏÒÍÕÌÏÊ

n! = n · (n − 1) · (n − 2) · . . . · 3 · 2 · 1,
ÞÉÔÁÅÔÓÑ ¤ÜÎ ÆÁËÔÏÒÉÁÌ¥. îÁÐÒÉÍÅÒ, 7! = 7 · 6 · 5 · 4 · 3 · 2 · 1 = 5040. ðÏ ÏÐÒÅ-
ÄÅÌÅÎÉÀ ÐÏÌÁÇÁÀÔ 0! = 1. ÷ ×ÙÞÉÓÌÅÎÉÑÈ ÞÁÓÔÏ ÐÒÉÍÅÎÑÅÔÓÑ ÓÌÅÄÕÀÝÁÑ
ÆÏÒÍÕÌÁ:

(n+ 1)! = (n+ 1) · n!.
ä×ÏÊÎÏÊ ÆÁËÔÏÒÉÁÌ ÎÁÔÕÒÁÌØÎÏÇÏ ÞÉÓÌÁ n ÏÐÒÅÄÅÌÑÅÔÓÑ ÒÁ×ÅÎÓÔ×ÏÍ

n!! = n · (n − 2) · (n − 4) · . . . , 0!! = 1,

ÞÉÔÁÅÔÓÑ ¤Ä×ÏÊÎÏÊ ÆÁËÔÏÒÉÁÌ ÜÎ¥ ÉÌÉ ¤ÜÎ Ä×ÏÊÎÏÊ ÆÁËÔÏÒÉÁÌ¥. ä×ÏÊÎÏÊ
ÆÁËÔÏÒÉÁÌ ÄÌÑ Þ¾ÔÎÙÈ É ÎÅÞ¾ÔÎÙÈ ÞÉÓÅÌ ÚÁÐÉÓÙ×ÁÅÔÓÑ ÔÁË:

(2n)!! = 2n · (2n − 2) · . . . · 4 · 2,
(2n+ 1)!! = (2n+ 1) · (2n − 1) · . . . · 3 · 1.

îÁÐÒÉÍÅÒ, 10!! = 10 · 8 · 6 · 4 · 2 = 3840, 7!! = 7 · 5 · 3 · 1 = 105.
ðÒÉÍÅÒ 4. îÁÊÔÉ n-À ÐÒÏÉÚ×ÏÄÎÕÀ ÆÕÎËÃÉÉ y = 1

x .
òÅÛÅÎÉÅ. ÷ÏÓÐÏÌØÚÕÅÍÓÑ ÆÏÒÍÕÌÏÊ n-Ê ÐÒÏÉÚ×ÏÄÎÏÊ ÓÔÅÐÅÎÎÏÊ ÆÕÎË-

ÃÉÉ, ÎÁÊÄÅÎÎÏÊ × ÐÒÉÍÅÒÅ 3. ÷ ÎÁÛÅÍ ÓÌÕÞÁÅ y = 1
x = x−1. óÌÅÄÏ×ÁÔÅÌØÎÏ,

α = −1. ðÏÌÕÞÁÅÍ
(

1

x

)(n)

= (−1) · (−2) · (−3) · . . . · (−n) · x−1−n =
(−1)n · n!

xn+1
.

ðÒÉÍÅÒ 5. îÁÊÔÉ ÐÒÏÉÚ×ÏÄÎÕÀ n-ÇÏ ÐÏÒÑÄËÁ ÏÔ ÆÕÎËÃÉÉ y = 1√
x
.

òÅÛÅÎÉÅ. ðÒÉÍÅÎÉÍ ÆÏÒÍÕÌÕ n-Ê ÐÒÏÉÚ×ÏÄÎÏÊ, ÎÁÊÄÅÎÎÕÀ × ÐÒÉÍÅÒÅ 3.
÷ ÄÁÎÎÏÍ ÓÌÕÞÁÅ y = 1√

x
= x− 12 . ôÁËÉÍ ÏÂÒÁÚÏÍ, α = −12 . éÍÅÅÍ,

(

1√
x

)(n)

=

(

−1
2

)

·
(

−3
2

)

·
(

−5
2

)

· . . . ·
(

−2n − 1
2

)

· x− 12−n =

=
(−1)n · 1 · 3 · 5 · . . . · (2n − 1)

(2x)n · √x
=
(−1)n · (2n − 1)!!
(2x)n · √x

.
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ðÒÉÍÅÒ 6. îÁÊÔÉ ÐÒÏÉÚ×ÏÄÎÙÅ ×ÓÅÈ ÐÏÒÑÄËÏ× ÏÔ ÆÕÎËÃÉÊ y = sinx É
y = cosx.

òÅÛÅÎÉÅ. îÁÊÄ¾Í n-À ÐÒÏÉÚ×ÏÄÎÕÀ ÆÕÎËÃÉÉ y = sinx. ðÏÓÌÅÄÏ×ÁÔÅÌØ-
ÎÏ ÄÉÆÆÅÒÅÎÃÉÒÕÑ, ÉÍÅÅÍ:

y′ = cosx = sin
(

x+
π

2

)

,

y(2) = (y′)
′
= (cosx)′ = − sinx = sin(x+ π) = sin

(

x+ 2 · π

2

)

,

y(3) =
(

y(2)
)′
= (− sinx)′ = − cosx = sin

(

x+ 3 · π

2

)

, . . .

. . . , y(n) = sin
(

x+ n · π

2

)

.

ôÁËÉÍ ÏÂÒÁÚÏÍ, ÐÒÏÉÚ×ÏÄÎÕÀ ÌÀÂÏÇÏ ÐÏÒÑÄËÁ ÆÕÎËÃÉÉ sinx ÍÏÖÎÏ ×ÙÞÉ-
ÓÌÑÔØ ÐÏ ÆÏÒÍÕÌÅ

(sinx)(n) = sin
(

x+ n · π

2

)

.

îÁÐÒÉÍÅÒ, (sinx)(10) = sin
(

x+ 10 · π
2

)

= sin(x+ 5π) = − sinx.

áÎÁÌÏÇÉÞÎÏ ÍÏÖÎÏ ÐÏÌÕÞÉÔØ ÆÏÒÍÕÌÕ n-Ê ÐÒÏÉÚ×ÏÄÎÏÊ ÆÕÎËÃÉÉ cosx:

(cosx)(n) = cos
(

x+ n · π

2

)

.

3.3. æÏÒÍÕÌÁ ìÅÊÂÎÉÃÁ ÄÌÑ n-Ê ÐÒÏÉÚ×ÏÄÎÏÊ ÐÒÏÉÚ×ÅÄÅÎÉÑ Ä×ÕÈ
ÆÕÎËÃÉÊ

äÌÑ ÚÁÐÉÓÉ ÆÏÒÍÕÌÙ ìÅÊÂÎÉÃÁ ××ÅÄ¾Í ÐÏÎÑÔÉÅ ÞÉÓÌÁ ÓÏÞÅÔÁÎÉÊ ÉÚ n
ÜÌÅÍÅÎÔÏ× ÐÏ k ÜÌÅÍÅÎÔÁÍ (ËÁÖÄÏÅ ÉÚ ÞÉÓÅÌ n É k ÐÒÅÄÐÏÌÁÇÁÅÔÓÑ ÎÁÔÕ-
ÒÁÌØÎÙÍ ÞÉÓÌÏÍ ÉÌÉ ÎÕÌ¾Í, ÐÒÉÞ¾Í 0 6 k 6 n). éÔÁË, ÄÌÑ ÚÁÄÁÎÎÙÈ ÞÉÓÅÌ
n É k ÏÐÒÅÄÅÌÉÍ ÞÉÓÌÏ Ck

n ÐÏ ÆÏÒÍÕÌÅ:

Ck
n =

n!

k! · (n − k)!
,

ÐÒÏÉÚÎÏÓÉÔÓÑ ¤ÃÜ ÉÚ ÜÎ ÐÏ ËÁ¥. ïÔÍÅÔÉÍ, ÞÔÏ ÞÉÓÌÏ Ck
n ÏÂÑÚÁÔÅÌØÎÏ ÎÁÔÕ-

ÒÁÌØÎÏÅ ÐÒÉ ÌÀÂÙÈ n É k.

ðÒÉÍÅÒ 7. ÷ÙÞÉÓÌÉÔØ Á) C35 ; Â) C26 ; ×) C410.
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òÅÛÅÎÉÅ.

Á) C35 =
5!

3! · (5− 3)! =
3! · 4 · 5
3! · 2! =

4 · 5
1 · 2 = 10;

Â) C26 =
6!

2! · (6− 2)! =
4! · 5 · 6
2! · 4! =

5 · 6
1 · 2 = 15;

×) C410 =
10!

4! · (10− 4)! =
6! · 7 · 8 · 9 · 10
4! · 6! =

7 · 8 · 9 · 10
1 · 2 · 3 · 4 = 210.

ðÕÓÔØ y = u·v, ÇÄÅ u É v¡ ÎÅËÏÔÏÒÙÅ ÆÕÎËÃÉÉ ÏÔ ÐÅÒÅÍÅÎÎÏÊ x, ÉÍÅÀÝÉÅ
ÐÒÏÉÚ×ÏÄÎÙÅ ÌÀÂÏÇÏ ÐÏÒÑÄËÁ. ôÏÇÄÁ ÓÐÒÁ×ÅÄÌÉ×Á ÆÏÒÍÕÌÁ ìÅÊÂÎÉÃÁ:

y(n) = (uv)(n) = C0nu
(n)v + C1nu

(n−1)v′ + C2nu
(n−2)v′′ + . . .

. . .+ Ck
nu(n−k)v(k) + . . .+ Cn−1

n u′v(n−1) + Cn
nuv(n) =

= u(n)v + nu(n−1)v′ +
n(n − 1)
2!

u(n−2)v′′ + . . .

. . .+
n(n − 1) . . . (n − k + 1)

k!
u(n−k)v(k) + . . .+ nu′v(n−1) + uv(n).

æÏÒÍÕÌÕ ìÅÊÂÎÉÃÁ ÕÄÏÂÎÏ ÐÒÉÍÅÎÑÔØ × ÓÌÕÞÁÅ ¤ÐÒÏÓÔÙÈ¥ ÆÕÎËÃÉÊ u É v.
÷ ÓÌÕÞÁÑÈ n = 1, n = 2 É n = 3 ÆÏÒÍÕÌÁ ìÅÊÂÎÉÃÁ ÐÒÉÎÉÍÁÅÔ ×ÉÄ:

y′ = (uv)′ = u′v + uv′; y′′ = (uv)′′ = u′′v + 2u′v′ + uv′′;

u′′′ = (uv)′′′ = u′′′v + 3u′′v′ + 3u′v′′ + uv′′′.

úÁÍÅÔÉÍ, ÞÔÏ ÐÅÒ×ÁÑ ÉÚ ÜÔÉÈ ÆÏÒÍÕÌ Ñ×ÌÑÅÔÓÑ ÆÏÒÍÕÌÏÊ ÐÒÏÉÚ×ÏÄÎÏÊ ÐÒÏ-
ÉÚ×ÅÄÅÎÉÑ Ä×ÕÈ ÆÕÎËÃÉÊ.
éÓÐÏÌØÚÏ×ÁÎÉÅ ÓÌÅÄÕÀÝÅÊ ÆÏÒÍÕÌÙ ÞÁÓÔÏ ÐÏÚ×ÏÌÑÅÔ ÓÏËÒÁÔÉÔØ ×ÙÞÉÓÌÅ-

ÎÉÑ ËÏÜÆÆÉÃÉÅÎÔÏ×.

Ck
n = Cn−k

n .

ðÒÉÍÅÒ 8. ÷ÙÞÉÓÌÉÔØ ÐÑÔÕÀ ÐÒÏÉÚ×ÏÄÎÕÀ ÆÕÎËÃÉÉ y = x5ex.
òÅÛÅÎÉÅ. ðÏÌÁÇÁÑ u = x5 É v = ex, ÎÁÈÏÄÉÍ:

u′ = 5x4, u′′ = 20x3, u′′′ = 60x2, u(4) = 120x, u(5) = 120,

v′ = v′′ = v′′′ = v(4) = v(5) = ex.

ôÅÐÅÒØ ×ÙÞÉÓÌÑÅÍ ËÏÜÆÆÉÃÉÅÎÔÙ ÐÒÉ ÐÒÏÉÚ×ÏÄÎÙÈ:

C05 =
5!

0! · (5− 0)! = 1, C15 =
5!

1! · (5− 1)! = 5, C25 =
5!

2! · (5− 2)! = 10,

C35 = C5−25 = C25 = 10, C45 = C5−15 = C15 = 5, C55 = C5−05 = C05 = 1.
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ðÏÄÓÔÁ×ÌÑÑ ÎÁÊÄÅÎÎÙÅ ÐÒÏÉÚ×ÏÄÎÙÅ É ÞÉÓÌÁ × ÆÏÒÍÕÌÕ ìÅÊÂÎÉÃÁ ÐÒÉ n = 5,
ÐÏÌÕÞÁÅÍ

y(5) = (uv)(5) =

= C05u
(5)v + C15u

(5−1)v′ + C25u
(5−2)v′′ + C35u

(5−3)v′′′ + C45u
′v(5−1) + C55uv(5) =

= 1 · 120 · ex+5 · 120x · ex+10 · 60x2 · ex+10 · 20x3 · ex+5 · 5x4 · ex+1 ·x5 · ex =

= (120 + 600x+ 600x2 + 200x3 + 25x4 + x5)ex.

ðÒÉÍÅÒ 9. ÷ÙÞÉÓÌÉÔØ 55-À ÐÒÏÉÚ×ÏÄÎÕÀ ÆÕÎËÃÉÉ y = (x2 − 17) cos 3x.
òÅÛÅÎÉÅ. ðÏÌÁÇÁÑ u = cos 3x É v = x2 − 17, ÎÁÈÏÄÉÍ (ÓÍ. ÐÒÉÍÅÒ 6):

u(n) = 3n cos
(

3x+ n
π

2

)

,

v′ = 2x, v′′ = 2, v′′′ = v(4) = v(5) = . . . = v(54) = v(55) = 0.

óÌÅÄÏ×ÁÔÅÌØÎÏ, ×ÓÅ ÓÌÁÇÁÅÍÙÅ × ÆÏÒÍÕÌÅ ìÅÊÂÎÉÃÁ, ÓÏÄÅÒÖÁÝÉÅ ÐÒÏÉÚ×ÏÄ-
ÎÙÅ ÆÕÎËÃÉÉ v ×ÙÛÅ ×ÔÏÒÏÇÏ ÐÏÒÑÄËÁ, ÂÕÄÕÔ ÒÁ×ÎÙ ÎÕÌÀ. ÷ÙÞÉÓÌÑÅÍ ËÏ-
ÜÆÆÉÃÉÅÎÔÙ ÐÒÉ ÆÕÎËÃÉÑÈ v, v′ É v′′:

C055 = 1, C155 = 55, C255 =
55 · 54
2!

= 1485.

ðÏÄÓÔÁ×ÌÑÑ ÎÁÊÄÅÎÎÙÅ ×ÙÒÁÖÅÎÉÑ × ÆÏÒÍÕÌÕ ìÅÊÂÎÉÃÁ ÐÒÉ n = 55, ÐÏÌÕ-
ÞÁÅÍ:

y(55) = (uv)(55) = C055u
(55)v + C155u

(54)v′ + C255u
(53)v′′ =

= 1 · 355 cos
(

3x+ 55 · π

2

)

· (x2 − 17) + 55 · 354 cos
(

3x+ 54 · π

2

)

· 2x+

+ 1485 · 353 cos
(

3x+ 53 · π

2

)

· 2 =

= 355(x2 − 17) sin(3x)− 110x · 354 cos(3x)− 2970 · 353 sin(3x).

3.4. äÉÆÆÅÒÅÎÃÉÁÌÙ ×ÙÓÛÉÈ ÐÏÒÑÄËÏ×

ðÕÓÔØ ÆÕÎËÃÉÑ y = f(x) ÄÉÆÆÅÒÅÎÃÉÒÕÅÍÁ × ËÁÖÄÏÊ ÔÏÞËÅ x ÎÅËÏÔÏÒÏÇÏ
ÐÒÏÍÅÖÕÔËÁ. ôÏÇÄÁ Å¾ ÄÉÆÆÅÒÅÎÃÉÁÌ dy ×ÙÞÉÓÌÑÅÔÓÑ ÐÏ ÆÏÒÍÕÌÅ

dy = f ′(x)dx

É ÎÁÚÙ×ÁÅÔÓÑ ÄÉÆÆÅÒÅÎÃÉÁÌÏÍ ÐÅÒ×ÏÇÏ ÐÏÒÑÄËÁ ÆÕÎËÃÉÉ f(x).
äÉÆÆÅÒÅÎÃÉÁÌ d(dy) ÏÔ ÄÉÆÆÅÒÅÎÃÉÁÌÁ dy ÎÁÚÙ×ÁÅÔÓÑ ÄÉÆÆÅÒÅÎÃÉÁÌÏÍ

×ÔÏÒÏÇÏ ÐÏÒÑÄËÁ ÆÕÎËÃÉÉ f(x) É ÏÂÏÚÎÁÞÁÅÔÓÑ d2y, ÔÏ ÅÓÔØ

d2y = f ′′(x)(dx)2.
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áÎÁÌÏÇÉÞÎÏ, ÄÉÆÆÅÒÅÎÃÉÁÌ d(d2y) ÏÔ ÄÉÆÆÅÒÅÎÃÉÁÌÁ d2y ÎÁÚÙ×ÁÅÔÓÑ ÄÉÆ-
ÆÅÒÅÎÃÉÁÌÏÍ ÔÒÅÔØÅÇÏ ÐÏÒÑÄËÁ ÆÕÎËÃÉÉ f(x) É ÏÂÏÚÎÁÞÁÅÔÓÑ d3y. ÷ÏÏÂÝÅ,
ÄÉÆÆÅÒÅÎÃÉÁÌ d(dn−1y) ÏÔ ÄÉÆÆÅÒÅÎÃÉÁÌÁ dn−1y ÎÁÚÙ×ÁÅÔÓÑ ÄÉÆÆÅÒÅÎÃÉÁ-
ÌÏÍ n-ÇÏ ÐÏÒÑÄËÁ (ÉÌÉ n-Í ÄÉÆÆÅÒÅÎÃÉÁÌÏÍ) ÆÕÎËÃÉÉ f(x) É ÏÂÏÚÎÁÞÁÅÔÓÑ
dny.
äÌÑ n-ÇÏ ÄÉÆÆÅÒÅÎÃÉÁÌÁ ÆÕÎËÃÉÉ y(x) ÓÐÒÁ×ÅÄÌÉ×Á ÆÏÒÍÕÌÁ

dny = y(n)(x)(dx)n, n = 1, 2, 3, . . .

éÚ ÐÏÓÌÅÄÎÅÊ ÆÏÒÍÕÌÙ ÓÌÅÄÕÅÔ, ÞÔÏ ÄÌÑ ÌÀÂÏÇÏ ÎÁÔÕÒÁÌØÎÏÇÏ ÞÉÓÌÁ n
ÓÐÒÁ×ÅÄÌÉ×Ï ÒÁ×ÅÎÓÔ×Ï

y(n)(x) =
dny

(dx)n
.

úÁÍÅÞÁÎÉÅ. ó×ÏÊÓÔ×ÏÍ ÉÎ×ÁÒÉÁÎÔÎÏÓÔÉ (ÓÍ. ÐÕÎËÔ 2.3) ÏÂÌÁÄÁÅÔ ÔÏÌØ-
ËÏ ÐÅÒ×ÙÊ ÄÉÆÆÅÒÅÎÃÉÁÌ. ÷ÔÏÒÏÊ É ÐÏÓÌÅÄÕÀÝÉÅ ÄÉÆÆÅÒÅÎÃÉÁÌÙ ÜÔÉÍ
Ó×ÏÊÓÔ×ÏÍ ÎÅ ÏÂÌÁÄÁÀÔ.
ðÒÉÍÅÒ 10. ÷ÙÞÉÓÌÉÔØ ÄÉÆÆÅÒÅÎÃÉÁÌ d3y ÆÕÎËÃÉÉ y = x4 − 3x2 + 4.
òÅÛÅÎÉÅ. ðÏÓÌÅÄÏ×ÁÔÅÌØÎÏ ÄÉÆÆÅÒÅÎÃÉÒÕÑ, ÐÏÌÕÞÁÅÍ

y′(x) = 4x3 − 6x, y′′(x) = 12x2 − 6, y′′′(x) = 24x.

óÌÅÄÏ×ÁÔÅÌØÎÏ,
d3y = y′′′(x)(dx)3 = 24x(dx)3.

úÁÄÁÞÉ ÄÌÑ ÓÁÍÏÓÔÏÑÔÅÌØÎÏÇÏ ÒÅÛÅÎÉÑ

îÁÊÔÉ ÐÒÏÉÚ×ÏÄÎÕÀ ×ÔÏÒÏÇÏ ÐÏÒÑÄËÁ ÏÔ ÆÕÎËÃÉÉ:
150. y = e−x2;
151. y = tgx;
152. y = arcsin x

2 ;

153. y =
√
1 + x2;

154. y = arctg 1x .
îÁÊÔÉ ÐÒÏÉÚ×ÏÄÎÕÀ ÔÒÅÔØÅÇÏ ÐÏÒÑÄËÁ ÏÔ ÆÕÎËÃÉÉ:
155. y = arctg x

2 ;
156. y = xe−x;
157. y = x2 sinx;
158. y = x32x.

îÁÊÔÉ ÐÒÏÉÚ×ÏÄÎÕÀ n-ÇÏ ÐÏÒÑÄËÁ ÏÔ ÆÕÎËÃÉÉ:
159. y = ex;
160. y = lnx;
161. y = 3x;
162. y = xm, m ¡ ÎÁÔÕÒÁÌØÎÏÅ;
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163. y = sin 3x;
164. y = ln(1 + x);
165. y = 23x;
166. y = sin2 x;
167. y = cos2 x;
168. y = ln(2− 3x);
169. y = (4x+ 1)n;
170. y = x cosx, n = 10;
171. y = (x3 − 1)e5x, n = 37;
172. y = x2 sin x

3 , n = 73;

173. y = x2 lnx, n = 100.
îÁÊÔÉ ÄÉÆÆÅÒÅÎÃÉÁÌ ×ÔÏÒÏÇÏ ÐÏÒÑÄËÁ ÏÔ ÆÕÎËÃÉÉ:
174. y = ctgx;
175. y = cos2 x;
176. y = ln(2x − 3).

îÁÊÔÉ ÄÉÆÆÅÒÅÎÃÉÁÌ ÔÒÅÔØÅÇÏ ÐÏÒÑÄËÁ ÏÔ ÆÕÎËÃÉÉ:
177. y = ex cosx;
178. y = x lnx.

îÁÊÔÉ ÄÉÆÆÅÒÅÎÃÉÁÌ n-ÇÏ ÐÏÒÑÄËÁ ÏÔ ÆÕÎËÃÉÉ:
179. y = sinx;
180. y = cosx;
181. y = e

x
2 .

§4. ðÒÏÉÚ×ÏÄÎÁÑ ÆÕÎËÃÉÉ, ÚÁÄÁÎÎÏÊ ÐÁÒÁÍÅÔÒÉÞÅÓËÉ
4.1. ðÒÏÉÚ×ÏÄÎÁÑ ÐÅÒ×ÏÇÏ ÐÏÒÑÄËÁ

ðÕÓÔØ ÄÁÎÙ Ä×Å ÆÕÎËÃÉÉ

x = x(t), y = y(t)

ÏÄÎÏÊ ÎÅÚÁ×ÉÓÉÍÏÊ ÐÅÒÅÍÅÎÎÏÊ t, ÏÐÒÅÄÅÌ¾ÎÎÙÅ É ÎÅÐÒÅÒÙ×ÎÙÅ ÎÁ ÎÅËÏÔÏ-
ÒÏÍ ÐÒÏÍÅÖÕÔËÅ. ðÒÅÄÐÏÌÏÖÉÍ ÔÅÐÅÒØ, ÞÔÏ ÆÕÎËÃÉÉ x = x(t) É y = y(t)
ÉÍÅÀÔ ÐÒÏÉÚ×ÏÄÎÙÅ, ÐÒÉÞ¾Í x(t) 6= 0 ÎÁ ÜÔÏÍ ÐÒÏÍÅÖÕÔËÅ. ôÏÇÄÁ y ÍÏÖÎÏ
ÒÁÓÓÍÁÔÒÉ×ÁÔØ ËÁË ÆÕÎËÃÉÀ, ÚÁ×ÉÓÑÝÕÀ ÏÔ ÐÅÒÅÍÅÎÎÏÊ x ÐÏÓÒÅÄÓÔ×ÏÍ ÐÅ-
ÒÅÍÅÎÎÏÊ t, ÎÁÚÙ×ÁÅÍÏÊ ÐÁÒÁÍÅÔÒÏÍ. ÷ ÜÔÏÍ ÓÌÕÞÁÅ ÇÏ×ÏÒÑÔ, ÞÔÏ ÆÕÎËÃÉÑ
y ÏÔ x ÚÁÄÁÎÁ ÐÁÒÁÍÅÔÒÉÞÅÓËÉ.
ðÒÏÉÚ×ÏÄÎÁÑ ÆÕÎËÃÉÉ y ÐÏ ÐÅÒÅÍÅÎÎÏÊ x ×ÙÞÉÓÌÑÅÔÓÑ ÐÏ ÆÏÒÍÕÌÅ

y′x(t) =
y′(t)

x′(t)
.
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úÁÍÅÞÁÎÉÅ. éÎÄÅËÓ x Õ ÆÕÎËÃÉÉ y′ ÏÚÎÁÞÁÅÔ, ÞÔÏ ÐÒÏÉÚ×ÏÄÎÁÑ ÆÕÎËÃÉÉ
y ÎÁÈÏÄÉÔÓÑ ÐÏ ÐÅÒÅÍÅÎÎÏÊ x. åÓÌÉ ÉÎÄÅËÓ Õ ÆÕÎËÃÉÉ ÎÅ ÕËÁÚÁÎ, ÔÏ ÐÒÏ-
ÉÚ×ÏÄÎÁÑ ÎÁÈÏÄÉÔÓÑ ÐÏ ÁÒÇÕÍÅÎÔÕ. ôÁË ËÁË ÆÕÎËÃÉÉ x(t) É y(t) ÚÁ×ÉÓÑÔ ÏÔ
ÐÁÒÁÍÅÔÒÁ t, ÔÏ x′(t) É y′(t) ÏÚÎÁÞÁÀÔ ÐÒÏÉÚ×ÏÄÎÙÅ ÐÏ ÐÅÒÅÍÅÎÎÏÊ t.
ðÒÉÍÅÒ 1. îÁÊÔÉ y′x(t) ÆÕÎËÃÉÉ, ÚÁÄÁÎÎÏÊ ÐÁÒÁÍÅÔÒÉÞÅÓËÉ:

x(t) = cos4 2t, y(t) = sin4 2t.

òÅÛÅÎÉÅ. îÁÈÏÄÉÍ ÐÒÏÉÚ×ÏÄÎÙÅ x′(t) É y′(t):

x′(t) = 4 cos3 2t · (−2 sin 2t) = −8 cos3 2t sin 2t,
y′(t) = 4 sin3 2t · (2 cos 2t) = 8 sin3 2t cos 2t,

x′(t) 6= 0 ÐÒÉ t 6= π

4
k, k ∈ Z.

÷ ÔÏÞËÁÈ, × ËÏÔÏÒÙÈ x′(t) 6= 0, ÉÍÅÅÍ

y′x(t) =
y′(t)

x′(t)
=
8 sin3 2t cos 2t

−8 cos3 2t sin 2t = −tg
3 2t

tg 2t
= − tg2 2t.

éÔÁË, y′x(t) = − tg2 2t.

4.2. ðÒÏÉÚ×ÏÄÎÁÑ ×ÔÏÒÏÇÏ ÐÏÒÑÄËÁ

÷ÔÏÒÁÑ ÐÒÏÉÚ×ÏÄÎÁÑ ÆÕÎËÃÉÉ y (ÚÁÄÁÎÎÏÊ ÐÁÒÁÍÅÔÒÉÞÅÓËÉ) ÐÏ ÐÅÒÅÍÅÎ-
ÎÏÊ x ÎÁÈÏÄÉÔÓÑ ÐÏ ÏÄÎÏÊ ÉÚ ÓÌÅÄÕÀÝÉÈ ÆÏÒÍÕÌ:

y′′xx(t) = (y
′
x(t))

′
x =
(y′x(t))

′

x′(t)
;

y′′xx(t) =
y′′(t)x′(t)− x′′(t)y′(t)

(x′(t))3
.

úÁÍÅÞÁÎÉÅ. éÎÄÅËÓ xx Õ ÆÕÎËÃÉÉ y′′ ÏÚÎÁÞÁÅÔ, ÞÔÏ ÂÅÒ¾ÔÓÑ ×ÔÏÒÁÑ ÐÒÏ-
ÉÚ×ÏÄÎÁÑ ÆÕÎËÃÉÉ y ÐÏ ÐÅÒÅÍÅÎÎÏÊ x. ôÁÍ, ÇÄÅ ÉÎÄÅËÓ ÎÅ ÕËÁÚÁÎ, ÐÒÏÉÚ×ÏÄ-
ÎÁÑ ÉÝÅÔÓÑ ÐÏ ÁÒÇÕÍÅÎÔÕ, × ÄÁÎÎÏÍ ÓÌÕÞÁÅ ÐÏ ÐÅÒÅÍÅÎÎÏÊ t.
ðÒÉÍÅÒ 2. îÁÊÔÉ y′x(t) É y′′xx(t) ÆÕÎËÃÉÉ, ÚÁÄÁÎÎÏÊ ÐÁÒÁÍÅÔÒÉÞÅÓËÉ:

x(t) = 7(t − sin t), y(t) = 7(1− cos t).

òÅÛÅÎÉÅ. îÁÈÏÄÉÍ ÐÒÏÉÚ×ÏÄÎÙÅ x′(t) É y′(t):

x′(t) = 7(1− cos t), y′(t) = 7 sin t,

x′(t) 6= 0 ÐÒÉ t 6= 2πk, k ∈ Z.
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÷ ÔÏÞËÁÈ, × ËÏÔÏÒÙÈ x′(t) 6= 0, ÉÍÅÅÍ

y′x(t) =
y′(t)

x′(t)
=

7 sin t

7(1− cos t) =
sin t

1− cos t =

=
2 sin t

2
cos t

2
(

cos2 t
2 + sin

2 t
2

)

−
(

cos2 t
2 − sin2 t

2

) =
2 sin t

2
cos t

2

2 sin2 t
2

=
cos t

2

sin t
2

= ctg
t

2
.

äÌÑ ÎÁÈÏÖÄÅÎÉÑ ÐÒÏÉÚ×ÏÄÎÏÊ y′′
xx(t) ÐÏ ÐÅÒ×ÏÊ ÆÏÒÍÕÌÅ ×ÙÞÉÓÌÉÍ ÓÎÁÞÁÌÁ

(y′x(t))
′:

(y′x(t))
′
=

(

ctg
t

2

)′
= − 1

2 sin2 t
2

.

ôÅÐÅÒØ ÎÁÈÏÄÉÍ y′′
xx(t):

y′′xx(t) =
(y′x(t))

′

x′(t)
=

− 1
2 sin2 t

2

7(1− cos t) = − 1

28 sin4 t
2

.

éÔÁË, y′x(t) = ctg
t
2
, y′′xx(t) = − 1

28 sin4 t
2

.

ðÒÉÍÅÒ 3. îÁÊÔÉ y′′xx(t) ÆÕÎËÃÉÉ, ÚÁÄÁÎÎÏÊ ÐÁÒÁÍÅÔÒÉÞÅÓËÉ:

x(t) = ln(1− t), y(t) = (t+ 1)2.

òÅÛÅÎÉÅ. ÷ÏÓÐÏÌØÚÕÅÍÓÑ ÆÏÒÍÕÌÏÊ:

y′′xx(t) =
y′′(t)x′(t)− x′′(t)y′(t)

(x′(t))3
.

äÌÑ ÜÔÏÇÏ ×ÙÞÉÓÌÉÍ ÐÒÏÉÚ×ÏÄÎÙÅ x′(t), x′′(t), y′(t), y′′(t):

x′(t) = (ln(1− t))′ =
1

1− t
(1− t)′ = − 1

1− t
;

x′′(t) = (x′(t))
′
=

(

− 1

1− t

)′
= −

(

(1− t)−1
)′
= (1− t−2)(1− t)′ = − 1

(1− t)2
;

y′(t) =
(

(t+ 1)2
)′
= 2(t+ 1);

y′′(t) = (y′(t))
′
= (2(t+ 1))′ = 2.
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ðÏÄÓÔÁ×ÌÑÑ ÎÁÊÄÅÎÎÙÅ ×ÙÒÁÖÅÎÉÑ × ÆÏÒÍÕÌÕ, ÏËÏÎÞÁÔÅÌØÎÏ ÐÏÌÕÞÁÅÍ:

y′′xx(t) =
2 ·

(

− 1
1−t

)

−
(

− 1
(1−t)2

)

· 2(t+ 1)
(

− 1
1−t

)3 =

=

(

2 · 1
1− t

− 1

(1− t)2
· 2(t+ 1)

)

· (1− t)3 =

= 2(1− t)2 − 2(1− t)(t+ 1) = 4t2 − 4t.

éÔÁË, y′′xx(t) = 4t
2 − 4t.

úÁÄÁÞÉ ÄÌÑ ÓÁÍÏÓÔÏÑÔÅÌØÎÏÇÏ ÒÅÛÅÎÉÑ

îÁÊÔÉ y′x(t) É y′′xx(t) ÆÕÎËÃÉÉ, ÚÁÄÁÎÎÏÊ ÐÁÒÁÍÅÔÒÉÞÅÓËÉ:

182. x(t) = 3 cos t, y(t) = −2 sin t;

183. x(t) = t2, y(t) = t3

3 − t;

184. x(t) = e2t, y(t) = e3t;

185. x(t) = t2, y(t) = t3 + t;

186. x(t) = 4 cos3 t, y(t) = 4 sin3 t;

187. x(t) = 1−t
(t+1)2 , y(t) =

t(1−t)
(t+1)2 ;

188. x(t) = t
t3+1
, y(t) = t2

t3+1
.

§5. ðÒÏÉÚ×ÏÄÎÁÑ ÆÕÎËÃÉÉ, ÚÁÄÁÎÎÏÊ ÎÅÑ×ÎÏ

ðÕÓÔØ ÆÕÎËÃÉÑ y = f(x) ÚÁÄÁÎÁ ÕÒÁ×ÎÅÎÉÅÍ F (x, y) = 0. üÔÏ ÏÚÎÁÞÁÅÔ,
ÞÔÏ F (x, f(x)) ≡ 0 ÎÁ ÎÅËÏÔÏÒÏÍ ÉÎÔÅÒ×ÁÌÅ (ËÏÎÅÞÎÏÍ ÉÌÉ ÂÅÓËÏÎÅÞÎÏÍ).
ôÏÇÄÁ ÆÕÎËÃÉÑ y = f(x) ÎÁÚÙ×ÁÅÔÓÑ ÎÅÑ×ÎÏ ÚÁÄÁÎÎÏÊ ÆÕÎËÃÉÅÊ.

5.1. ðÒÏÉÚ×ÏÄÎÁÑ ÐÅÒ×ÏÇÏ ÐÏÒÑÄËÁ

åÓÌÉ ÆÕÎËÃÉÑ y = f(x) ¡ ÄÉÆÆÅÒÅÎÃÉÒÕÅÍÁÑ ÆÕÎËÃÉÑ, ÚÁÄÁÎÎÁÑ ÕÒÁ×-
ÎÅÎÉÅÍ F (x, y) = 0, ÔÏ Å¾ ÐÒÏÉÚ×ÏÄÎÕÀ ÍÏÖÎÏ ÎÁÊÔÉ ÉÚ ÕÒÁ×ÎÅÎÉÑ

d

dx
(F (x, f(x))) = 0.

ðÒÉÍÅÒ 1. îÁÊÔÉ ÐÒÏÉÚ×ÏÄÎÕÀ y′ ÆÕÎËÃÉÉ y, ÚÁÄÁÎÎÏÊ ÎÅÑ×ÎÏ ÕÒÁ×ÎÅ-
ÎÉÅÍ x2 + 2xy − y2 = 4x.
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òÅÛÅÎÉÅ. ðÕÓÔØ y = f(x) ¡ ÄÉÆÆÅÒÅÎÃÉÒÕÅÍÏÅ ÒÅÛÅÎÉÅ ÄÁÎÎÏÇÏ ÕÒÁ×-
ÎÅÎÉÑ. ôÏÇÄÁ

x2 + 2xf(x)− (f(x))2 ≡ 4x ÉÌÉ x2 + 2xf(x)− (f(x))2 − 4x ≡ 0
ÎÁ ÎÅËÏÔÏÒÏÍ ÉÎÔÅÒ×ÁÌÅ. ðÏÓËÏÌØËÕ ×ÓÅ ÓÌÁÇÁÅÍÙÅ × ÔÏÖÄÅÓÔ×Å ÄÉÆÆÅÒÅÎ-
ÃÉÒÕÅÍÙ, ÔÏ ÐÏÓÌÅ ÄÉÆÆÅÒÅÎÃÉÒÏ×ÁÎÉÑ ÐÏÌÕÞÁÅÍ

2x+ 2f(x) + 2xf ′(x)− 2f(x)f ′(x)− 4 ≡ 0,
ÏÔËÕÄÁ

f ′(x) =
f(x) + x − 2

f(x)− x
, f(x) 6= x.

éÔÁË, y′ = y+x−2
y−x .

ðÒÉÍÅÒ 2. îÁÊÔÉ y′ ÉÚ ÕÒÁ×ÎÅÎÉÑ x
2
3 + y

2
3 = 1.

òÅÛÅÎÉÅ. ðÏÄÓÔÁ×É× × ÄÁÎÎÏÅ ÕÒÁ×ÎÅÎÉÅ ÄÉÆÆÅÒÅÎÃÉÒÕÅÍÏÅ ÒÅÛÅÎÉÅ
y = f(x), ÐÏÌÕÞÉÍ ÔÏÖÄÅÓÔ×Ï

x
2
3 + (f(x))

2
3 ≡ 1,

ÄÉÆÆÅÒÅÎÃÉÒÕÑ ËÏÔÏÒÏÅ, ÉÍÅÅÍ

2

3
x− 13 +

2

3
(f(x))−

1
3 f ′(x) ≡ 0.

ïÔÓÀÄÁ ÎÁÈÏÄÉÍ

f ′(x) = − 3

√

f(x)

x
, x 6= 0.

éÔÁË, y′ = − 3
√

y
x .

5.2. ðÒÏÉÚ×ÏÄÎÁÑ ×ÔÏÒÏÇÏ ÐÏÒÑÄËÁ

ðÒÉÍÅÒ 3. îÁÊÔÉ ÐÒÏÉÚ×ÏÄÎÙÅ y′ É y′′ ÆÕÎËÃÉÉ y, ÚÁÄÁÎÎÏÊ ÕÒÁ×ÎÅÎÉÅÍ
x2 + y2 = 5xy3.
òÅÛÅÎÉÅ. ðÕÓÔØ y = f(x) ¡ Ä×ÁÖÄÙ ÄÉÆÆÅÒÅÎÃÉÒÕÅÍÏÅ ÒÅÛÅÎÉÅ ÄÁÎ-

ÎÏÇÏ ÕÒÁ×ÎÅÎÉÑ. ôÏÇÄÁ ÄÉÆÆÅÒÅÎÃÉÒÕÑ ÔÏÖÄÅÓÔ×Ï

x2 + (f(x))2 ≡ 5x (f(x))3

ÐÏ x, ÐÏÌÕÞÁÅÍ

2x+ 2f(x)f ′(x) ≡ 5 (f(x))3 + 15xf 2(x)f ′(x),

ÏÔËÕÄÁ

f ′(x) =
2x − 5f 3(x)

15xf 2(x)− 2f(x), ÅÓÌÉ 15xf 2(x)− 2f(x) 6= 0.
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äÁÌÅÅ, ÐÏ ÏÐÒÅÄÅÌÅÎÉÀ ×ÔÏÒÏÊ ÐÒÏÉÚ×ÏÄÎÏÊ ÐÏ ÐÒÁ×ÉÌÕ ÄÉÆÆÅÒÅÎÃÉÒÏ×ÁÎÉÑ
ÞÁÓÔÎÏÇÏ, ÉÍÅÅÍ

f ′′(x) = (f ′(x))
′
=

(

2x − 5f 3(x)
15xf 2(x)− 2f(x)

)′
=

=
(2x − 5f 3(x))′(15xf 2(x)− 2f(x))− (2x − 5f 3(x))(15xf 2(x)− 2f(x))′

(15xf 2(x)− 2f(x))2 =

=
(20f 3(x)− 75xf 4(x)− 60x2f(x) + 4x)f ′(x)− 4f(x) + 75f 5(x)

(15xf 2(x)− 2f(x))2 .

ðÏÄÓÔÁ×ÌÑÑ ÚÎÁÞÅÎÉÅ f ′(x), ÏËÏÎÞÁÔÅÌØÎÏ ÐÏÌÕÞÁÅÍ

f ′′(x) =
1500xf 6(x)− 120x3 + 150x2f 3(x)− 250f 5(x)

(15xf 2(x)− 2)3f 2(x) .

éÔÁË,

y′ =
2x − 5y3
15xy2 − 2y , y′′ =

1500xy6 − 120x3 + 150x2y3 − 250y5
(15xy − 2)3y2 .

úÁÄÁÞÉ ÄÌÑ ÓÁÍÏÓÔÏÑÔÅÌØÎÏÇÏ ÒÅÛÅÎÉÑ

îÁÊÔÉ y′ ÉÚ ÕÒÁ×ÎÅÎÉÑ:
189. x2 + y2 − xy = 0;
190. x2 + xy + y2 = 6;
191. x2 + y2 = a2;
192. y2 = 2px;

193. x2

a2 −
y2

b2 = 1;

194. x
2
3 + y

2
3 = a

2
3 ;

195. ey − e−x + xy = 0;
196. ex sin y − e−y cosx = 0;
197. x = y + arctg y;

198. x2

a2 +
y2

b2 = 1;

199. x3 + y3 − 3axy = 0;
200. ctg y = xy;
201. exy − x2 + y3 = 0;
202. arctg y

x
= 1
2
ln(x2 + y2);

203. arctg y = x+ y;
204. x2 = y−x

x+2y
.

îÁÊÔÉ y′′ ÉÚ ÕÒÁ×ÎÅÎÉÑ:
205. x2 + y2 = a2;
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206. ax+ by − xy = c;
207. xmyn = 1;
208. x2 − y2 = a2;
209. (x − α)2 + (y − β)2 = R2;
210. arctg y = x+ y;
211. x2 + xy + y2 = a2.

§6. òÁÓËÒÙÔÉÅ ÎÅÏÐÒÅÄÅÌ¾ÎÎÏÓÔÅÊ. ðÒÁ×ÉÌÁ ìÏÐÉÔÁÌÑ
6.1. òÁÓËÒÙÔÉÅ ÎÅÏÐÒÅÄÅÌ¾ÎÎÏÓÔÅÊ ×ÉÄÁ 00. ðÅÒ×ÏÅ ÐÒÁ×ÉÌÏ ìÏÐÉ-

ÔÁÌÑ

âÕÄÅÍ ÇÏ×ÏÒÉÔØ, ÞÔÏ ÏÔÎÏÛÅÎÉÅ Ä×ÕÈ ÆÕÎËÃÉÊ f(x)
g(x) ÐÒÉ x → a ÅÓÔØ ÎÅ-

ÏÐÒÅÄÅÌ¾ÎÎÏÓÔØ ×ÉÄÁ 00 , ÅÓÌÉ

lim
x→a

f(x) = lim
x→a

g(x) = 0.

òÁÓËÒÙÔØ ÎÅÏÐÒÅÄÅÌ¾ÎÎÏÓÔØ ¡ ÚÎÁÞÉÔ ×ÙÞÉÓÌÉÔØ ÐÒÅÄÅÌ lim
x→a

f(x)
g(x) , ÅÓÌÉ

ÏÎ ÓÕÝÅÓÔ×ÕÅÔ, ÉÌÉ ÕÓÔÁÎÏ×ÉÔØ, ÞÔÏ ÏÎ ÎÅ ÓÕÝÅÓÔ×ÕÅÔ.
óÆÏÒÍÕÌÉÒÕÅÍ ÐÅÒ×ÏÅ ÐÒÁ×ÉÌÏ ìÏÐÉÔÁÌÑ. ðÕÓÔØ ÆÕÎËÃÉÉ f(x) É g(x)

ÏÐÒÅÄÅÌÅÎÙ É ÄÉÆÆÅÒÅÎÃÉÒÕÅÍÙ × ÎÅËÏÔÏÒÏÊ ÏËÒÅÓÔÎÏÓÔÉ ÔÏÞËÉ a, ÚÁ ÉÓ-
ËÌÀÞÅÎÉÅÍ, ÂÙÔØ ÍÏÖÅÔ, ÓÁÍÏÊ ÔÏÞËÉ a. ðÕÓÔØ, ÄÁÌÅÅ,

lim
x→a

f(x) = lim
x→a

g(x) = 0 É g′(x) 6= 0

× ÕËÁÚÁÎÎÏÊ ÏËÒÅÓÔÎÏÓÔÉ ÔÏÞËÉ a, ÚÁ ÉÓËÌÀÞÅÎÉÅÍ, ÂÙÔØ ÍÏÖÅÔ, ÓÁÍÏÊ ÔÏÞËÉ

a. ôÏÇÄÁ, ÅÓÌÉ ÓÕÝÅÓÔ×ÕÅÔ ÐÒÅÄÅÌ ÏÔÎÏÛÅÎÉÑ ÐÒÏÉÚ×ÏÄÎÙÈ lim
x→a

f ′(x)
g′(x) (ËÏÎÅÞ-

ÎÙÊ ÉÌÉ ÂÅÓËÏÎÅÞÎÙÊ), ÔÏ ÓÕÝÅÓÔ×ÕÅÔ É ÐÒÅÄÅÌ lim
x→a

f(x)
g(x) , ÐÒÉÞ¾Í ÓÐÒÁ×ÅÄÌÉ×Á

ÆÏÒÍÕÌÁ

lim
x→a

f(x)

g(x)
= lim

x→a

f ′(x)

g′(x)
.

úÁÍÅÞÁÎÉÅ. æÏÒÍÕÌÁ (ÐÒÁ×ÉÌÏ ìÏÐÉÔÁÌÑ) ÏÓÔÁ¾ÔÓÑ ×ÅÒÎÏÊ É × ÓÌÕÞÁÅ,
ËÏÇÄÁ x → a−, x → a+, x → ∞, x → +∞ É x → −∞.
ðÒÉÍÅÒ 1.

lim
x→4

x2 − 16
x2 − 5x+ 4 =

[

0

0

]

= lim
x→4

(x2 − 16)′
(x2 − 5x+ 4)′ = limx→4

2x

2x − 5 =
8

3
.

ðÒÉÍÅÒ 2.

lim
x→0

ex − 1
x
=

[

0

0

]

= lim
x→0
(ex − 1)′

x′ = lim
x→0

ex

1
= lim

x→0
ex = 1.



§6. òÁÓËÒÙÔÉÅ ÎÅÏÐÒÅÄÅÌ¾ÎÎÏÓÔÅÊ. ðÒÁ×ÉÌÁ ìÏÐÉÔÁÌÑ 31

ðÒÉÍÅÒ 3.

lim
x→0

ex − e−x

ln(e − x) + x − 1 =
[

0

0

]

= lim
x→0

(ex − e−x)′

(ln(e − x) + x − 1)′ =

= lim
x→0

ex + e−x

− 1
e−x + 1

=
1

1− 1
e

=
2e

e − 1 .

úÁÍÅÞÁÎÉÅ. åÓÌÉ ÐÒÏÉÚ×ÏÄÎÙÅ f ′(x) É g′(x) ÕÄÏ×ÌÅÔ×ÏÒÑÀÔ ÔÅÍ ÖÅ ÔÒÅ-
ÂÏ×ÁÎÉÑÍ, ÞÔÏ É ÓÁÍÉ ÆÕÎËÃÉÉ f(x) É g(x), ÔÏ ÐÒÁ×ÉÌÏ ìÏÐÉÔÁÌÑ ÍÏÖÎÏ
ÐÒÉÍÅÎÉÔØ ÐÏ×ÔÏÒÎÏ. ðÒÉ ÜÔÏÍ ÐÏÌÕÞÁÅÍ

lim
x→a

f(x)

g(x)
= lim

x→a

f ′(x)

g′(x)
= lim

x→a

f ′′(x)

g′′(x)
.

ðÒÉÍÅÒ 4.

lim
x→0
1− cosx

x2
=

[

0

0

]

= lim
x→0
(1− cosx)′
(x2)′

= lim
x→0
sinx

2x
=

=
1

2
lim
x→0
sinx

x
=

[

0

0

]

=
1

2
lim
x→0
(sinx)′

x′ =
1

2
lim
x→0
cosx

1
=
1

2
· 1 = 1

2
.

îÁÐÏÍÎÉÍ, ÞÔÏ lim
x→0

sinx
x = 1 É ÐÏ ÐÅÒ×ÏÍÕ ÚÁÍÅÞÁÔÅÌØÎÏÍÕ ÐÒÅÄÅÌÕ.

ðÒÉÍÅÒ 5.

lim
x→0

x − sinx

x3
=

[

0

0

]

= lim
x→0
(x − sinx)′

(x3)′
= lim

x→0
1− cosx
3x2

=

[

0

0

]

=

= lim
x→0
(1− cosx)′
(3x2)′

= lim
x→0
sinx

6x
=
1

6
lim
x→0
sinx

x
=
1

6
· 1 = 1

6
.

6.2. òÁÓËÒÙÔÉÅ ÎÅÏÐÒÅÄÅÌ¾ÎÎÏÓÔÅÊ ×ÉÄÁ ∞
∞. ÷ÔÏÒÏÅ ÐÒÁ×ÉÌÏ ìÏÐÉ-

ÔÁÌÑ

âÕÄÅÍ ÇÏ×ÏÒÉÔØ, ÞÔÏ ÏÔÎÏÛÅÎÉÅ Ä×ÕÈ ÆÕÎËÃÉÊ f(x)
g(x)
ÐÒÉ x → a ÅÓÔØ ÎÅ-

ÏÐÒÅÄÅÌ¾ÎÎÏÓÔØ ×ÉÄÁ ∞
∞ , ÅÓÌÉ

lim
x→a

f(x) = lim
x→a

g(x) =∞, +∞ ÉÌÉ −∞.

óÆÏÒÍÕÌÉÒÕÅÍ ×ÔÏÒÏÅ ÐÒÁ×ÉÌÏ ìÏÐÉÔÁÌÑ. ðÕÓÔØ ÆÕÎËÃÉÉ f(x) É g(x)
ÏÐÒÅÄÅÌÅÎÙ É ÄÉÆÆÅÒÅÎÃÉÒÕÅÍÙ × ÎÅËÏÔÏÒÏÊ ÏËÒÅÓÔÎÏÓÔÉ ÔÏÞËÉ a, ÚÁ ÉÓ-
ËÌÀÞÅÎÉÅÍ, ÂÙÔØ ÍÏÖÅÔ, ÓÁÍÏÊ ÔÏÞËÉ a. ðÕÓÔØ, ÄÁÌÅÅ,

lim
x→a

f(x) = lim
x→a

g(x) =∞ É g′(x) 6= 0
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× ÕËÁÚÁÎÎÏÊ ÏËÒÅÓÔÎÏÓÔÉ ÔÏÞËÉ a, ÚÁ ÉÓËÌÀÞÅÎÉÅÍ, ÂÙÔØ ÍÏÖÅÔ, ÓÁÍÏÊ ÔÏÞËÉ

a. ôÏÇÄÁ, ÅÓÌÉ ÓÕÝÅÓÔ×ÕÅÔ ÐÒÅÄÅÌ ÏÔÎÏÛÅÎÉÑ ÐÒÏÉÚ×ÏÄÎÙÈ lim
x→a

f ′(x)
g′(x) (ËÏÎÅÞ-

ÎÙÊ ÉÌÉ ÂÅÓËÏÎÅÞÎÙÊ), ÔÏ ÓÕÝÅÓÔ×ÕÅÔ É ÐÒÅÄÅÌ lim
x→a

f(x)
g(x) , ÐÒÉÞ¾Í ÓÐÒÁ×ÅÄÌÉ×Á

ÆÏÒÍÕÌÁ

lim
x→a

f(x)

g(x)
= lim

x→a

f ′(x)

g′(x)
.

úÁÍÅÞÁÎÉÅ. ðÒÉ×ÅÄ¾ÎÎÏÅ ÐÒÁ×ÉÌÏ ÒÁÓËÒÙÔÉÑ ÎÅÏÐÒÅÄÅÌ¾ÎÎÏÓÔÉ ×ÉÄÁ ∞
∞

ÁÎÁÌÏÇÉÞÎÏ ÐÒÁ×ÉÌÕ ÒÁÓËÒÙÔÉÑ ÎÅÏÐÒÅÄÅÌ¾ÎÎÏÓÔÉ ×ÉÄÁ 0
0
. úÁÍÅÞÁÎÉÑ, ÏÔ-

ÎÏÓÑÝÉÅÓÑ Ë ÎÅÏÐÒÅÄÅÌ¾ÎÎÏÓÔÉ ×ÉÄÁ 0
0
ÏÓÔÁÀÔÓÑ × ÓÉÌÅ É ÄÌÑ ×ÓÅÈ ÄÒÕÇÉÈ

ÎÅÏÐÒÅÄÅÌ¾ÎÎÏÓÔÅÊ.
ðÒÉÍÅÒ 6.

lim
x→∞

6x2 − 11
5x2 + 4

=
[∞
∞

]

= lim
x→∞

(6x2 − 11)′
(5x2 + 4)′

= lim
x→∞

12x

10x
=
12

10
=
6

5
.

ðÒÉÍÅÒ 7.

lim
x→+∞

lnx

x
=

[∞
∞

]

= lim
x→+∞

(lnx)′

x′ = lim
x→+∞

1/x

1
= lim

x→+∞
1

x
= 0.

ðÒÉÍÅÒ 8.

lim
x→+∞

x100

ex
=

[∞
∞

]

= lim
x→+∞

(

x100
)′

(ex)′
= lim

x→+∞
100 · x99

ex
=

[∞
∞

]

=

= lim
x→+∞

(

100 · x99
)′

(ex)′
= lim

x→+∞
100 · 99 · x98

ex
=

[∞
∞

]

=

= lim
x→+∞

100 · 99 · 98 · x97
ex

= . . . = lim
x→+∞

100!

ex
= 0.

6.3. òÁÓËÒÙÔÉÅ ÎÅÏÐÒÅÄÅÌ¾ÎÎÏÓÔÅÊ ×ÉÄÁ 0 · ∞ É ∞−∞

îÅÏÐÒÅÄÅÌ¾ÎÎÏÓÔÉ ×ÉÄÁ 0 ·∞ É∞−∞ ÍÏÖÎÏ Ó×ÅÓÔÉ Ë ÎÅÏÐÒÅÄÅÌ¾ÎÎÏÓÔÑÍ
×ÉÄÁ 0

0
É ∞

∞ .
ðÒÉÍÅÒ 9. îÁÊÔÉ lim

x→0+
x lnx.

òÅÛÅÎÉÅ. éÍÅÅÍ ÎÅÏÐÒÅÄÅÌ¾ÎÎÏÓÔØ ×ÉÄÁ 0 · ∞. ôÁË ËÁË x lnx = lnx
1/x, ÔÏ

ÐÏÌÕÞÁÅÍ ÎÅÏÐÒÅÄÅÌ¾ÎÎÏÓÔØ ×ÉÄÁ ∞
∞ . ðÒÉÍÅÎÑÑ ×ÔÏÒÏÅ ÐÒÁ×ÉÌÏ ìÏÐÉÔÁÌÑ,

ÉÍÅÅÍ

lim
x→0+

x lnx = lim
x→0+

(lnx)′

(1/x)′
= lim

x→0+
1/x

−1/x2 = − lim
x→0+

x = 0.
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ðÒÉÍÅÒ 10.

lim
x→0+

√
x lnx = [0 · ∞] = lim

x→0+
lnx

x−1/2 =
[∞
∞

]

= lim
x→0+

(lnx)′
(

x−1/2
)′ =

= lim
x→0+

1/x

(−1/2)x−3/2 = −2 lim
x→0+

√
x = 0.

ðÒÉÍÅÒ 11. îÁÊÔÉ lim
x→π

2

(

1
cosx − tg x

)

.

òÅÛÅÎÉÅ. éÍÅÅÍ ÎÅÏÐÒÅÄÅÌ¾ÎÎÏÓÔØ ×ÉÄÁ ∞−∞. ôÁË ËÁË
1

cosx
− tg x =

1

cosx
− sinx

cosx
=
1− sinx

cosx
,

ÔÏ ÐÒÉ ÔÏÍ ÖÅ ÕÓÌÏ×ÉÉ x → π
2 ÐÏÌÕÞÁÅÍ ÎÅÏÐÒÅÄÅÌ¾ÎÎÏÓÔØ ×ÉÄÁ

0
0. ÷ÏÓÐÏÌØ-

ÚÏ×Á×ÛÉÓØ ÐÅÒ×ÙÍ ÐÒÁ×ÉÌÏÍ ìÏÐÉÔÁÌÑ, ÐÏÌÕÞÁÅÍ

lim
x→π

2

(

1

cosx
− tgx

)

= lim
x→π

2

1− sinx

cosx
= lim

x→π
2

− cosx
− sinx

= 0.

ðÒÉÍÅÒ 12.

lim
x→1

(

1

lnx
− 1

x − 1

)

= [∞−∞] = lim
x→1

x − 1− lnx

(x − 1) lnx
=

[

0

0

]

=

= lim
x→1

1− 1
x

lnx+ (x − 1) 1x
= lim

x→1
x − 1

x lnx+ x − 1 =
[

0

0

]

= lim
x→1

1

lnx+ 1 + 1
=
1

2
.

6.4. òÁÓËÒÙÔÉÅ ÎÅÏÐÒÅÄÅÌ¾ÎÎÏÓÔÅÊ ×ÉÄÁ 00, 1∞ É ∞0

îÅÏÐÒÅÄÅÌ¾ÎÎÏÓÔÉ ×ÉÄÁ 00, 1∞ É∞0 ÉÍÅÀÔ ÍÅÓÔÏ ÐÒÉ ÒÁÓÓÍÏÔÒÅÎÉÉ ÆÕÎË-
ÃÉÊ ×ÉÄÁ y = f(x)g(x), ÅÓÌÉ ÐÒÉ x → a ÆÕÎËÃÉÑ f(x) ÓÔÒÅÍÉÔÓÑ ÓÏÏÔ×ÅÔÓÔ×ÅÎ-
ÎÏ Ë 0, 1 É ∞, Á ÆÕÎËÃÉÑ g(x) ¡ ÓÏÏÔ×ÅÔÓÔ×ÅÎÎÏ Ë 0, ∞ É 0.
üÔÉ ÎÅÏÐÒÅÄÅÌ¾ÎÎÏÓÔÉ Ó ÐÏÍÏÝØÀ ÔÏÖÄÅÓÔ×Á

f(x)g(x) = eg(x) ln f(x)

Ó×ÏÄÑÔÓÑ Ë ÎÅÏÐÒÅÄÅÌ¾ÎÎÏÓÔÉ ×ÉÄÁ 0 · ∞.
ðÒÉÍÅÒ 13. îÁÊÔÉ lim

x→0+
xx.

òÅÛÅÎÉÅ. éÍÅÅÍ ÎÅÏÐÒÅÄÅÌ¾ÎÎÏÓÔØ ×ÉÄÁ 00. ôÁË ËÁË xx = ex lnx, ÔÏ ×
ÐÏËÁÚÁÔÅÌÅ ÓÔÅÐÅÎÉ ÐÏÌÕÞÅÎÁ ÎÅÏÐÒÅÄÅÌ¾ÎÎÏÓÔØ ×ÉÄÁ 0 · ∞, ËÏÔÏÒÁÑ ÒÁÓÓÍÏ-
ÔÒÅÎÁ × ÐÒÉÍÅÒÅ 9. óÌÅÄÏ×ÁÔÅÌØÎÏ,

lim
x→0+

xx = lim
x→0+

ex ln x = e
lim

x→0+
x lnx
= e0 = 1.
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ðÒÉÍÅÒ 14. îÁÊÔÉ lim
x→0

(

1 + x2
)

1
ex−1−x .

òÅÛÅÎÉÅ. éÍÅÅÍ ÎÅÏÐÒÅÄÅÌ¾ÎÎÏÓÔØ ×ÉÄÁ 1∞. ôÁË ËÁË
(

1 + x2
)

1
ex−1−x = e

ln(1+x2)
ex−1−x ,

ÔÏ × ÐÏËÁÚÁÔÅÌÅ ÓÔÅÐÅÎÉ ÐÏÌÕÞÅÎÁ ÎÅÏÐÒÅÄÅÌ¾ÎÎÏÓÔØ ×ÉÄÁ 0
0
. ðÒÉÍÅÎÑÑ ÐÅÒ-

×ÏÅ ÐÒÁ×ÉÌÏ ìÏÐÉÔÁÌÑ, ÐÏÌÕÞÁÅÍ

lim
x→0
ln(1 + x2)

ex − 1− x
= lim

x→0
2x/(1 + x2)

ex − 1 =

= lim
x→0

2x

(ex − 1)(1 + x2)
= lim

x→0
2

ex(1 + x2) + (ex − 1)2x =
2

1
= 2.

óÌÅÄÏ×ÁÔÅÌØÎÏ,

lim
x→0

(

1 + x2
)

1
ex−1−x = e

lim
x→0

ln(1+x2)
ex−1−x = e2.

ðÒÉÍÅÒ 15. îÁÊÔÉ lim
x→π

2

(tgx)2 cosx.

òÅÛÅÎÉÅ. éÍÅÅÍ ÎÅÏÐÒÅÄÅÌ¾ÎÎÏÓÔØ ×ÉÄÁ ∞0. ôÁË ËÁË

(tg x)2 cosx = e2 cosx ln tg x = e
2 ln tg x
1/(cosx) ,

ÔÏ × ÐÏËÁÚÁÔÅÌÅ ÓÔÅÐÅÎÉ ÐÏÌÕÞÅÎÁ ÎÅÏÐÒÅÄÅÌ¾ÎÎÏÓÔØ ×ÉÄÁ ∞
∞ . ðÒÉÍÅÎÑÑ ×ÔÏ-

ÒÏÅ ÐÒÁ×ÉÌÏ ìÏÐÉÔÁÌÑ, ÉÍÅÅÍ

lim
x→π

2

2 ln tg x

1/(cosx)
= 2 lim

x→π
2

ln tg x

1/(cosx)
= 2 lim

x→π
2

1
tg x · 1

cos2 x

− 1
cos2 x · (− sinx)

=

= 2 lim
x→π

2

sinx

tg x
= 2 lim

x→π
2

cosx = 0.

óÌÅÄÏ×ÁÔÅÌØÎÏ,

lim
x→π

2

(tg x)2 cosx = e
lim

x→π
2

2 cosx ln tg x

= e0 = 1.

÷ ÓÌÅÄÕÀÝÅÍ ÐÒÉÍÅÒÅ ÐÅÒÅÊÄ¾Í Ë ÄÒÕÇÏÊ ÎÅÏÐÒÅÄÅÌ¾ÎÎÏÓÔÉ Ó ÐÏÍÏÝØÀ
ÏÐÅÒÁÃÉÉ ÌÏÇÁÒÉÆÍÉÒÏ×ÁÎÉÑ.

ðÒÉÍÅÒ 16. îÁÊÔÉ ÐÒÅÄÅÌ lim
x→0

(

1
x

)sinx
.

òÅÛÅÎÉÅ. éÍÅÅÍ ÎÅÏÐÒÅÄÅÌ¾ÎÎÏÓÔØ ×ÉÄÁ ∞0. ðÏÌÏÖÉÍ y(x) =
(

1
x

)sinx
É

ÐÒÏÌÏÇÁÒÉÆÍÉÒÕÅÍ ÏÂÅ ÞÁÓÔÉ ÐÏÌÕÞÅÎÎÏÇÏ ÒÁ×ÅÎÓÔ×Á:

ln y(x) = ln

(

1

x

)sinx

= sinx ln
1

x
= − sinx lnx.
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ôÁË ËÁË x → 0, ÔÏ ÐÏÌÕÞÉÌÉ ÎÅÏÐÒÅÄÅÌ¾ÎÎÏÓÔØ ×ÉÄÁ 0 · ∞. ðÒÅÏÂÒÁÚÕÅÍ Å¾
Ë ÎÅÏÐÒÅÄÅÌ¾ÎÎÏÓÔÉ ×ÉÄÁ ∞

∞ , Á ÚÁÔÅÍ ÐÒÉÍÅÎÉÍ ×ÔÏÒÏÅ ÐÒÁ×ÉÌÏ ìÏÐÉÔÁÌÑ É
×ÏÓÐÏÌØÚÕÅÍÓÑ ÐÅÒ×ÙÍ ÚÁÍÅÞÁÔÅÌØÎÙÍ ÐÒÅÄÅÌÏÍ:

lim
x→0
ln y(x) = lim

x→0
(− sinx lnx) = − lim

x→0
lnx
1
sin x

=
[∞
∞

]

=

= − lim
x→0

1
x

− cosx
sin2 x

= lim
x→0
sin2 x

x cosx
=

[

0

0

]

= lim
x→0

(

1

cosx
· sinx

x
· sinx

)

=

= lim
x→0

1

cosx
· lim

x→0
sinx

x
· lim

x→0
sinx = 1 · 1 · 0 = 0.

óÌÅÄÏ×ÁÔÅÌØÎÏ,

lim
x→0

y(x) = lim
x→0

eln y(x) = e
lim
x→0
ln y(x)

= e0 = 1.

éÔÁË, lim
x→0

(

1
x

)sinx
= 1.

úÁÄÁÞÉ ÄÌÑ ÓÁÍÏÓÔÏÑÔÅÌØÎÏÇÏ ÒÅÛÅÎÉÑ

îÁÊÔÉ ÐÒÅÄÅÌ:
212. lim

x→0
sin 7x
sin 3x ;

213. lim
x→π

sin 7x
tg 5x ;

214. lim
x→0

3x−sin 3x
x3 ;

215. lim
x→0

tg x−sinx
x−sinx

;

216. lim
x→π

4

tg x−1
sin 4x ;

217. lim
x→0

tg x−1+cos3x
ex−e−x ;

218. lim
x→0

ex−e−x−2x
sinx−x

;

219. lim
x→0

x−arctgx
x3 ;

220. lim
x→π

6

1−2 sinx
cos 3x ;

221. lim
x→1

x3−3x+2
x3−x2−x+1;

222. lim
x→0

tg x−x
x−sinx ;

223. lim
x→0

tg 2x−2x
x3 ;

224. lim
x→0

e−3x−esinx

x ;

225. lim
x→+∞

x5

e3x
;
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226. lim
x→+∞

lnx
x ;

227. lim
x→+∞

lnx
e2x ;

228. lim
x→0

ln sin 5x
ln sin 2x;

229. lim
x→∞

2x+1
x+sinx ;

230. lim
x→0+

tg x lnx;

231. lim
x→∞

3x+2 sin x
2

x+1 ;

232. lim
x→1+

lnx ln(x − 1);
233. lim

x→0+
xsinx;

234. lim
x→+∞

log2(1+x)
log3(1+2x)

;

235. lim
x→π

2

(π − 2x) tgx;

236. lim
x→1

x
1

x−1 ;

237. lim
x→∞

(

(x+ 3)e
1
x − x

)

;

238. lim
x→1

(

x
lnx − 1

lnx

)

;

239. lim
x→1

(

x
x−1 − 1

lnx

)

;

240. lim
x→0

(

1
x sinx

− 1
x2

)

;

241. lim
x→0

ln(1−x)+x2

(1+x)5−1+x2 ;

242. lim
x→0

e−x−1+x−x2

2

ex3−1 ;

243. lim
x→+∞

x
9
4

(

4
√

x3 + 1− 4
√

x3 − 1
)

;

244. lim
x→∞

(

x − x2 ln
(

1 + 1x
))

;

245. lim
x→∞

(

1 + x ln
(

1− 1
x

))

;

246. lim
x→0

ex3−1−x3

sin6 2x
;

247. lim
x→0

ex−x3

6 −x2

2 −x−1
cosx+x2

2 −1
;

248. lim
x→0

2x−1−x ln 2
(1−x)10−1+10x;

249. lim
x→0

(

1
x2 − ctg2 x

)

;

250. lim
x→0

sin2 x−ln2(1+x)

ex2−1 ;

251. lim
x→π

2

(sin 2x)cosx;



§6. òÁÓËÒÙÔÉÅ ÎÅÏÐÒÅÄÅÌ¾ÎÎÏÓÔÅÊ. ðÒÁ×ÉÌÁ ìÏÐÉÔÁÌÑ 37

252. lim
x→0+

x
3

1+lnx ;

253. lim
x→+∞

(lnx)
1
x ;

254. lim
x→+∞

(

1 + 1x
)lnx
;

255. lim
x→0+
(tg x)x;

256. lim
x→0

(

sinx
x

)ctg2 x
;

257. lim
x→0

(

tgx
x

)
1

x2 ;

258. lim
x→0

(

2
π arccosx

)
1
x ;

259. lim
x→π

6

(2 sinx)ctg 6x.



ðÒÉÌÏÖÅÎÉÅ

ôÁÂÌÉÃÁ ÐÒÏÉÚ×ÏÄÎÙÈ
æÕÎËÃÉÑ f(x) ðÒÏÉÚ×ÏÄÎÁÑ f ′(x) ðÒÉÍÅÞÁÎÉÅ

1 c 0 c ¡ ÞÉÓÌÏ

2 xα αxα−1 α ¡ ÞÉÓÌÏ

3 ex ex

4 ax ax ln a a > 0, a 6= 1

5 lnx 1
x

6 loga x 1
x ln a

a > 0, a 6= 1

7 sinx cosx

8 cosx − sinx

9 tg x 1
cos2 x

10 ctg x − 1
sin2 x

11 arcsinx 1√
1−x2

12 arccosx − 1√
1−x2

13 arctgx 1
1+x2

14 arcctgx − 1
1+x2

15 shx chx

16 chx shx

17 thx 1
ch2 x

18 cthx − 1
sh2 x

óÍ. ÔÁËÖÅ ÐÕÎËÔ 1.2.
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ïÔ×ÅÔÙ

1. 2x. 2. 3x2. 3. 4x3. 4. 1
2
√

x
. 5. − 2

x3 . 6. − 3
x4 . 7. − 1

2x
√

x
.

8. 2 cos 2x. 9. −1
2
sin x

2
. 10. 1

cos2 x
. 11. − 2

(2x+1)2
. 12. − 3

2
√
1+3x
.

13. − x√
1+x2
. 14. 2(2x2+ 3x− 1). 15. 49x6+ 6x− 4. 16. 1

3
3√

x2
− 1

x2
+ 6

x
.

17. 3
4 4
√

x
− 10

x3 +
9
x4 . 18. 20x4 − 3 cosx − 5

sin2 x
. 19. 3

2
√

x
− 4 sinx − 2

cos2 x .

20. 8x+ 3

5
5
√

x2
− 2

x3 + cosx− sinx+ 1x . 21. 3

8
8
√

x5
− 24x5+ 5x + 7 sinx− 4 ctg 2x

sin 2x .

22. ln 24
x ln 2·ln 3 . 23. 4ex + 1

1+x2 +
1√
1−x2
. 24. ex − 1

2 cos2 x + x3.

25. 5x ln 5 + 6x ln 6 − 7−x ln 7. 26. 1
3√

x2
− 4√

1−x2
. 27. 2x

(

1
3
√

x
− 1

4
√

x

)

.

28. 4
sin2 2x

. 29. 2
1+x2
. 30. sinx+ x cosx. 31.

x(sin 2x+x)
cos2 x

. 32. lnx+7

7
7√

x5
.

33. arccosx − x√
1−x2
. 34.

arcctgx

3
3√

x2
− 3

√
x

1+x2 . 35.
x(2 lnx+1)
ln 3 . 36. 4x

(x2+1)2 .

37.
sinx−x2+x cosx(sinx−lnx)

x sin2 x
. 38. − 2+sinx

(1+2 sinx)2 . 39. 1

2
√

x(
√

x+1)
2 . 40. − 4x+sin 2x

4x
√

x sin2 x
.

41.
(1+x2)(sin x cosx+x)−x2 sin 2x

(1+x2)2 cos2 x . 42. 2ex

(1−ex)2 . 43. 1, 0, 4. 44. ±338 .
45. −1, −19 , − 1

25. 46. − ln 102 . 47. 0, 2e2, −e−4. 48. 1, 2, 0, −1.
49. 3 cos 3x. 50. (2x+5) cos(x2+5x+2). 51. − x√

1−x2
. 52. − 5 sinx

2
√
1+5 cosx

.

53. 2 sin2 x√
2x−sin 2x . 54. sin 2x. 55. 3 sin2 x cosx. 56. −100 cos99 x sinx.

57. 1√
x2+2x+3

. 58. 2x
cos2(x2+3). 59. − tgx. 60. 10

sin 10x. 61. − tg x
2 .

62. etg x

cos2 x
. 63. 2x−3

x2−3x+7. 64.
2(x+1)
x(x+2)

. 65. 1
x2+5
. 66. 1

3+x2
. 67. x√

3−x4
.

68. 1
x2−9. 69. 2

x(1−x2)
. 70. 2

1−4x2 . 71.
√
1− x2. 72. arctgx.

73. ex cosx. 74. arctg
√
2x − 1. 75. 3 tg4 x. 76. 3x2 sin 2x3.

77. −cos
2 x
3

sin4 x
3

. 78. 58
sin 2x
cos11 2x . 79. − sin 4x. 80. 4 cos 2x

(1−sin 2x)2 . 81. −2 cos2 x
sin3 x

.

82. 3 · 23x ln 2 + 5x4 − 2xe−x2 − 1
x2 . 83.

e
√

x(1+
√

x
2
√

x
. 84. xe−x(2 − x).

85. e−x2(1− 2x2− 4x). 86. 1
3
e

x
3

(

cos x
3
− sin x

3

)

. 87. e
1
cosx

sinx
cos2 x
. 88. − e

1
lnx

x ln2 x
.

89. 103−sin
3 2x ln 10 · (−3 sin 2x sin 4x). 90. 2x ln 2 cos 2x. 91. − 4

(ex−e−x)2 .

92. 2e2x√
e4x+1
. 93. 2

e4x+1. 94.
ctg x ln cosx+tg x ln sinx

(ln cosx)2 . 95. −7 tg 7xln 5 . 96. −
tg

√
1+x

2
√
1+x·ln 7 .

97. 2e
7
√

x2

7
7√

x5
. 98. − 1

2
√

x(x−1)
. 99. − 1

x
√
1+x2
. 100. cosx√

1+sin2 x
. 101. − 1√

x2−1.

102. 1√
x−x2
. 103. − 1

x−4x2 . 104. cosx

2
√
sinx−sin2 x

. 105. 4e4x√
1−e8x
. 106. 1

2
√

x−x2
.

107. 1
2x

√
6x−1. 108. 4e

2x
1−e8x . 109. 1

x2
√

x2−1 −
1

x2+1. 110. − 2√
1−4x2 arccos 2x .
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40 ïÔ×ÅÔÙ

111. 5
(5x+3)(1+ln2(5x+3))

. 112. − 3
x2+9. 113.

2 arcctg 1x
1+x2 . 114. xe−

x2

2√
1−e−x2

.

115. − sinx cos(cosx)
cos2(sin(cosx)) . 116.

xex2 ctg 3x

sin2 3x
(sin 6x−3x). 117. −12 ctg

(

tg e−
x
2

)

· e−
x
2

cos2(e−
x
2 )
.

118. 5 ctgx · ln4 sinx. 119. x
(2+x2)

√
1+x2 arctg

√
1+x2
. 120. 120

ctg x+3
4

5
√
ln4 sin x+3

4

.

121. e
√
1+lnx

2x
√
1+lnx

. 122. e5x

(1+e10x) 5
√
arctg4 e5x

. 123. arccosx√
1−x2·

√
1−arccos2 x

. 124. 1
2(1+x2) .

125. 1
1+x+x2 . 126.

9(x2+1)
x4−9 . 127. 4x−5x2+5 . 128. arctgx. 129.

√
1+lnx

x .

130. 1x+ctg x− x
1−x2 . 131. x

1
x−2(1− lnx). 132. xsinx cosx lnx+xsinx−1 sinx.

133. (tgx)sinx
(

cosx · ln tgx+ 1
cosx

)

. 134. (cosx)sinx
(

cosx · ln cosx − sin2 x
cosx

)

.

135. 5x4dx. 136. dx
cos2 x
. 137. 3 sin 2x sin 4x dx. 138. dx

x
. 139.

ctg
√

x
2
√

x
dx.

140. − tg x·e− 1
cosx

cosx dx. 141. −2x · 2−x2 ln 2 dx. 142. 4 dx. 143. 3 dx.

144. − 3√
10

dx. 145. 0. 146. −dx. 147. −2e dx. 148. 14dx.

149. dx
6
√
11
. 150. 2e−x2(2x2− 1). 151. 2 sinx

cos3 x . 152. x
3
√
(4−x2)2

. 153. 1
3
√
1+x2
.

154. − 4
(2x−3)2 . 155.

4(3x2−4)
(4+x2)3 . 156. e

−x(3−x). 157. (6−x2) cosx−6x sinx.

158. 2x(x3 ln3 2 + 9x2 ln2 2 + 18x ln 2 + 6). 159. ex. 160.
(−1)n−1(n−1)!

xn .
161. 3x(ln 3)n. 162. m(m − 1)(m − 2) . . . (m − n+ 1)xm−n ÐÒÉ m > n É 0

ÐÒÉ m < n. 163. 3n sin
(

3x+ nπ
2

)

. 164.
(−1)n−1(n−1)!
(1+x)n

. 165. 23x(3 ln 2)n.

166. −2n−1 cos
(

2x+ nπ
2

)

. 167. 2n−1 cos
(

2x+ nπ
2

)

. 168. − (n−1)!3n
(2−3x)n . 169. 4

nn!.

170. −x cosx−10 sinx. 171. (537(x3−1)+111·536x2+3996·535x+46620·534)e5x.
172. x2

373 cos
x
3 +

146x
373 sin

x
3 − 584

369 cos
x
3 . 173. −2·97!x98 . 174. 2 cosx

sin3 x
(dx)2.

175. −2 cos 2x(dx)2. 176. 2x
(1+x2)2 (dx)2. 177. −2ex(cosx + sinx)(dx)3.

178. − 1
x2 (dx)3. 179. sin
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